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1 Introduction

This paper considers parallel investment in several alternative technologies or drugs that

are developed over time, and where there can only be one winner. At each point in time

it must be determined which candidates show sufficient performance and/or promise to

justify further investment. We call this the problem of alternatives.

The problem of alternatives can be viewed in the wider context of multidimensional

optimal stopping (MOS) problems. Although the theory for 1-dimensional optimal stopping

problems is well developed — see for example the extensive literature on the American

option — far fewer results can be found regarding MOS.

– 2 –



– Part II –

The explanation of the problem of alternatives lends itself well to an informal discussion

with examples. But to treat the problem of alternatives in an MOS setting, we need to

extend the theory of 1-dimensional optimal stopping to higher dimensions, which is a

relatively technical endeavour. The introduction of this paper will therefore review the

whole of the paper in an expository manner: including the results, intuition and outline of

the proof, but excluding the proof itself. In particular, this introduction will

1. explain the problem of alternatives, and why it is relevant (subsection 1.1),

2. explain how it can be formulated as an MOS problem (1.2 and 1.3),

3. present its relationship with Brownian motion and free-boundary problems (1.4 and

1.5),

4. present the main result and its intuition (1.6),

5. discuss the relationship with the literature (1.7).

Section 2 discusses d-dimensional Brownian motion in domain D(·) with boundary condi-

tions, and provides the necessary mathematical tools for the proof in Section 3. Section 4

provides a numerical example, and Section 5 concludes.

1.1 The problem of alternatives

It is generally true that uncertainty plays a large role in investment decisions, especially in

complex and changing environments, and when consequences play out over long timeframes.

Within any firm multiple projects can be developed, each with its own risk and reward

profile, and often these projects compete for resources. Furthermore, their success may be

mutually exclusive. There may initially be many candidates for any one goal, such as in new

drug development. Many compounds are initially considered, but only one is ultimately

used in a new medicine. It may therefore be sensible for a pharmaceutical company to

invest in a portfolio of alternatives.

When betting on an externally organised race that can only have one winner, such as

a horse race, the optimal (risk-neutral) strategy is straightforward: bet everything (i.e. go

all in) on what presently looks like the best candidate, i.e. the one that has the highest

expected value. But in-house investment in a portfolio of alternatives is different in at least

two respects:

1. First, unlike in a horse race, the number of projects that are running is a decision

variable on the part of the investor. The investor could run fewer candidates at a

smaller cost, but also with a smaller probability that one of them will be a blockbuster.

Or the investor could develop more projects, where by definition more effort will turn
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out to have been in vain because only one project can win, but with a larger likelihood

that the winner performs well.

2. And second, real projects, unlike financial bets, often have a natural size and cannot

easily be scaled up or down: these are what the literature calls real options. They

can either be part of the race, or not at all — and thus the decision to include them

is a digital one.

We thus conclude that a firm could face any given number of optional projects —

where each can be part of the race or not, with its own intrinsic size and cost — and

where the project with the best final performance wins. Investing in a large portfolio of

alternatives is costly but also increases the expected performance of the winner, and thus

even a risk-neutral strategy could do well to diversify.

In the simplest example, we may suppose that there are only two projects. Suppose

that these projects have random revenues given by the normally distributed random vari-

ables Ni(µi, σ
2
i ) with means µi and variance σ2i , and known development costs, given by ci.

In this table we indicate the difference between a financial portfolio, a real portfolio and a

portfolio of alternatives:

Invest in... Financial portfolio Real portfolio Portfolio of alternatives

Project 1 only N1 − c1 N1 − c1 N1 − c1
Project 2 only N2 − c2 N2 − c2 N2 − c2
Both projects a(N1 − c1) + b(N2 − c2) (N1 − c1) + (N2 − c2) max(N1, N2)− c1 − c2

a+ b = 1

Every time we write the phrase ‘portfolio of alternatives’, the mathematical formulation

involves a max-function, as in the table above. The expectation of the max-function is, in

this case, driven by four parameters: the means and variances of both N1 and N2. With a

little work we can derive that

E
[

max(N1, N2)
]

=
σ1

2 + σ2
2

√
2π
√
σ12 + σ22

e
−(µ1−µ2)2

2(σ1
2+σ2

2) +
1

2
µ1Erfc

[
µ2 − µ1√

2
√
σ12 + σ22

]
+

1

2
µ2Erfc

[
µ1 − µ2√

2
√
σ12 + σ22

]
where ‘Erfc’ is the complementary error function Erfc = 1− Erf.1 It can be shown that

the expectation of max(N1, N2) is increasing in all four parameters µ1, µ2, σ1, σ2. This

contrasts starkly with the paradigm of financial portfolio theory, in which the maximisation

of risk-neutral expectation amounts to putting all eggs in the basket with the highest

expected return — and only risk aversion provides an incentive for diversification. For a

portfolio of alternatives, the effects may be diagonally opposite: maximising expected value

may lead to investing in several projects such that the expected performance of the winner

1Erf(x) = 2/
√
π
∫ x
0
e−t

2

dt
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is higher, whereas risk aversion may lead to investing in one project only, so as to avoid

a scenario in which multiple projects fail to produce an acceptable result. Whereas the

values of financial and real portfolios are only affected by the averages of the distributions

involved — e.g. µ1 and µ2 in this case — the value of a portfolio of alternatives is affected

by all the (entire) distributions, and in particular by their right-end tail behaviour — e.g.

as determined in this case by σ1 and σ2. In other words, the expectation of a max-function

‘feels’ the variance of its constituents. The expectation of a sum is not sensitive to the

variance of its components, and that is why a portfolio of alternatives behaves differently

from a ‘normal’ portfolio.

As a result, it is possible (but not necessary) that, amongst the three portfolios of

alternatives above, the portfolio ‘invest in both’ has the highest expectation: for finite c1

and c2 and high enough σ1 and σ2, the portfolio containing both alternatives will dominate

the value of either alone — and therefore a risk-neutral investor, who maximises expec-

tation, would invest in both projects. We see that the required actions for a portfolio of

alternatives may be diagonally opposite from the actions that would be taken for a financial

portfolio:

Financial portfolio Real portfolio Portfolio of alternatives

Increase expectation narrow down possibly diversify possibly diversify

Decrease risk diversify possibly narrow down possibly narrow down

Real portfolios and portfolios of alternatives are similar in the sense that risk increases

with the number of projects that are executed, i.e. with the amount of money on the table.

But the expectation of the portfolio of alternatives is driven by distributions rather than

expected values. In this paper, we deal only with the risk-neutral case.

Apart from the non-additivity of revenues of alternative projects, a further differ-

ence with standard (financial or real) portfolio theory is that the problem of alternatives

is dynamic. Investment in any one project will change the performance of that project

stochastically — while altering, at the same time, the potential for other projects to win

or lose, which is a departure from a dynamic (additive!) portfolio theory. Furthermore,

projects can be discontinued at any time. When simultaneously developing several com-

peting projects, therefore, the question arises whether the option value of having multiple

projects at any point in time still outweighs the cost. In the early stages of development

the option value is expected to be dominant, but it is equally clear that not all projects

should be pursued to the end.

Both a non-additive revenue structure (e.g. when projects are alternatives) and an

explicit time element are necessary ingredients for the problem of alternatives. But there

is a third ingredient: when several projects compete for the best result, the decision maker

may choose to invest either sequentially or in parallel. In a sequential strategy, and when
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i projects have already been performed, the decision to be made is whether or not to

accept profit = max(N1, . . . , Ni) −
∑i

j=1 cj or to add project i + 1 to the list. Adding

another project raises the total cost by ci+1 and may raise the maximum, but only if

the (i + 1)-th project outperforms all the previous ones. The advantage of a sequential

strategy is that the decision on whether or not to invest in the next project is taken once all

the previous results are already known, which allows for a better informed decision. The

disadvantage, however, is that a sequential search strategy pushes possible revenues further

into the discounted future. There are several versions of this problem, such as the ‘Secretary

problem’ (or ‘Marriage problem’); see e.g. [1]. In a similar style, Weitzman [2] discusses

‘Pandora’s problem’: in what order to execute different alternative projects, where only the

winner determines the revenues, and when to accept the current winner and stop searching?

Weitzman’s sequential strategy is optimal when discounting is insignificant, and when there

is an infinite time-horizon. But when the horizon is finite, or when discounting of future

revenues is significant, then parallel investment can outperform sequential investment.

Therefore it is conceivable that it is optimal to develop several alternative technologies

or drugs in parallel, even when there can only be one winner. Early on, the option value is

expected to be dominant, but it is clear that not all projects should be pursued to the end.

Finding the right balance, however, is surprisingly tricky — especially analytically. The

resulting problem can be classified as a multidimensional optimal stopping (MOS) problem.

One might be tempted to ask for conditions under which parallel development is more

profitable than sequential investment, before we try to solve the problem of alternatives.

But we need to solve the problem of alternatives first, before we can write down the

conditions under which it is profitable. However, it is clear that some set of conditions

exists under which parallel development is optimal — and we know that it is driven by

increased discounting.

Concluding, we need the following four ingredients for an interesting MOS problem:

1. The different projects need to be alternatives, as exemplified by the use of ‘max’ in

the mathematical formulation. Or more generally: there needs to be some structure

ensuring that the total revenue is a non-linear function of the project revenues. When

profits are additive, such as for a standard portfolio, then one never needs to make

‘multidimensional decisions’, as each project can be optimised in isolation.

2. There needs to be a time element, and it needs to be possible to stop investing.

In the 1-dimensional case this field is known as optimal stopping and hence our

generalisation to multidimensional optimal stopping (MOS).

3. There needs to be a finite time horizon or sufficiently high discounting such that

sequential investment is not optimal.

– 6 –



– Part II –

Figure 1. A non-additive revenue structure, an explicit time element and a finite horizon (or signif-

icant discounting) are all necessary conditions for a non-trivial multidimensional optimal stopping

(MOS) problem. A fourth assumption that we will make is that all projects start at the same time,

and cannot be restarted once abandoned.

4. Lastly, we assume that all projects start at the same time and any project can be

abandoned at any time. Once abandoned, however, projects cannot be restarted.2

If the revenues of different projects are additive, each can be considered individually

and there is no need for a multidimensional analysis. If there is no time element or possible

stopping, it becomes a one-shot problem. If the problem poses neither discounting nor

maturity, a sequential strategy will outperform a parallel strategy. These key ingredients

are indicated in Figure 1.

As an illustration of the problem of alternatives, consider the rescue of the 33 Chilean

miners who were trapped 700 metres underground in a copper-gold mine for 69 days from 5

August 2010. The three tunnels being dug by the rescuers were alternatives (i.e. only one

was needed), it was possible to review the progress of the three tunnels over time (tunnels

A and C were abandoned once B was almost complete), and it was highly desirable that at

least one tunnel should be finished quickly (significant discounting). While in this case the

decision for a parallel strategy was hardly the result of a cost-benefit analysis, the example

does illustrate clearly that there are indeed situations when a parallel strategy is optimal.

The progress of the three different tunnels after 64 (out of the 69) days is indicated in

Figure 2, when plan B had only 90 more metres to go, and which appeared on the BBC

2Projects are not required to have the same end-date.
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Figure 2. The progress of the three different tunnels after 64 (out of the 69) days, when tunnel B

had only 90 more metres to go. From the BBC website of 8 October 2010.

website on 8 October 2010.3

For the purposes of this paper, the discounting of (or deadlines for) the success of

different projects can be either 1) caused by competitive pressure, or 2) self-imposed. In

the case of drug development, for example, it may be desirable to find a successful candidate

quickly, e.g. to combat a new and contagious disease, even if that means spending money on

many alternatives in the beginning. In the case of public spending on several alternative

green technologies, the government may wish to impose a deadline for success, so that

failing technologies are not supported indefinitely. For instance, the German government

has announced that the solar feed-in tariffs will decrease by 9% per annum. This implies,

by extrapolation, that solar energy must become economical around 2020, when the feed-

in tariff matches predicted industrial market prices. Implicitly, solar energy competes not

only against the incumbent technology that sets the 2020 target, but also against other

low-carbon technologies such as wind — where the extent to which different low-carbon

technologies are alternatives is debatable.

3http://www.bbc.co.uk/news/world-latin-america-11497394
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1.2 A portfolio of two alternatives as an MOS problem

Consider once more the fictional projects 1 and 2 introduced above. The final performance,

i.e. at maturity T = 1, is still given by the normally distributed random variables N1 and

N2 — except now the performance develops gradually and stochastically. In particular,

the performance at time t < T could be determined by

P1(t) = µ1 t+ σ1B1,t

P2(t) = µ2 t+ σ2B2,t

where B1,t and B2,t are independent Brownian motions, satisfying EBi,t = 0 and EB2
i,t = t.

As a result, the final performances P1(T ) and P2(T ) are distributed as before:

P1(T ) ∼ N1(µ1T, σ
2
1T )

P2(T ) ∼ N2(µ2T, σ
2
2T )

where the ∼ sign means ‘is distributed like’ and where the end-date of each project is

taken to be T = 1. We have shown that it may be profitable to develop both projects

simultaneously, even if only one of them can win. The value of unconditionally completing

both projects (i.e. without any intermediate revision) equals:

e−r T E
[

max(P1(T ), P2(T ))

]
−
∫ T

0
dτ e−r τ (c1 + c2)

where c1 and c2 are now interpreted as the expenditure on projects 1 and 2 per infinitesimal

unit of time, i.e. (infinitesimal) continuation cost. We have shown that for high enough σ1

and σ2, this value could be higher than 1) the value of either project alone, and 2) the value

of a sequential strategy. But it is obvious that unconditionally completing both projects is

suboptimal. It may become clear, for example, at some time earlier than T that project

1 is much more likely to win than project 2. In this case, it may be optimal to abandon

project 2 and continue only with project 1. From then onwards, the remaining project 1

will be developed optimally, and in isolation. We assume that the abandoned project 2

cannot be restarted. Therefore, the value of optimal parallel investment in projects 1 and

2 is given by V1,2 as follows:

V1,2({x, y}, s) := max
s≤τ≤T

E(x,y)

[
e−r (τ−s) max

{
V1(B1,τ , τ), V2(B2,τ , τ)

}
−
∫ τ

s
dθ (c1+c2) e

−r(θ−s)

]

where V1 and V2 are the optimal values of projects 1 and 2, if they were continued optimally

and in isolation, where the maximisation is over stopping time τ , and where the condition-

ing in the subscript of E is on the values of B1,s = x and B2,s = y. The above says that

the optimal value of having two alternative projects at time s equals 1) the expectation

of the (optimal) value of the single project that is chosen at time τ , 2) minus the cost
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to get there. In this particular example, the ‘continuation gain’ is negative and equal to

−(c1 + c2) per unit of time that both projects are continued, and the ‘stopping gain’ (i.e.

when the choice is made) equals max{V1(B1,τ , τ), V2(B2,τ , τ)}. The optimal value defined

as such is an ‘optimal value to-go’, i.e. all costs already paid (and sunk) are not included.

V1,2 thus gives the optimal value from now on. The optimal values of projects 1 and 2 are

given by:

V1(x, s) := max
s≤τ≤T

Ex

[
e−r (T−s) (µ1 T + σ1B1,T )1τ=T −

∫ τ

s
dθ c1 e

−r (θ−s)

]
,

V2(x, s) := max
s≤τ≤T

Ex

[
e−r (T−s) (µ2 T + σ2B2,T )1τ=T −

∫ τ

s
dθ c2 e

−r (θ−s)

]
.

Here 1 is the indicator function, which equals 1 if the condition in its subscript is satisfied

and 0 otherwise, and the maximisation is over all stopping times τ . The optimal value of

either project in isolation equals an expectation of the performance at maturity, if and only

if the project is not abandoned before that time, minus an expectation of the continuation

cost ci which is to be paid at each unit of time when the project is not stopped. Again,

Vi is an optimal value ‘to-go’, i.e. it only takes into account future costs and revenues,

because everything received and paid so far is already sunk.

1.3 A portfolio of multiple alternatives as an MOS problem

We will now show how to extend the two-project portfolio of alternatives to the situation

with many projects. In a general MOS problem, we may face three possible ‘gains’, where

a gain can be positive, if it is received, or negative, if it is to be paid:

• A continuation gain GC , to be received/paid at every infinitesimal unit of time dt

when the process is not stopped.

• A stopping gain GS , to be received/paid when the process is stopped before maturity.

• A maturity gain GM , to be received/paid when the process reaches maturity (i.e.

without being stopped).

Occasionally, we will write ‘continuation cost’ instead of ‘continuation gain’ when GC

is negative. Each of the three possible gains may depend both on state and time, i.e.

GS = GS(y, t), GC = GC(y, t) and GM = GM (y, T ). Not every combination of the three

gains adds up to a non-trivial optimal stopping problem. If only the maturity gain is

non-zero, for example, and positive, then one would always wait until time T and collect

GM . Such cases can be solved by inspection, and thus we assume that the problem has a

non-trivial solution and proceed from there.
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For the parallel investment in projects 1 and 2, we see that the continuation gain

equals −(c1 + c2), which is to be paid at every infinitesimal instant of time when both

projects are continued. The stopping gain equals the gain from choosing one project over

the other and continuing that project optimally, i.e. max{V1(B1,τ , τ), V2(B2,τ , τ)}. Once

the decision is taken to continue only one project, the situation changes: the continuation

gain now becomes the cost to keep that project alive for a small unit of time (i.e. ci),

the stopping gain goes to zero (as the project can be abandoned without cost), and the

maturity gain goes to Pi(T ). This is summarised in the following table:

V1,2 V1 V2

Continuation gain −c1 − c2 −c1 −c2
Stopping gain max

{
V1(B1,τ , τ), V2(B2,τ , τ)

}
0 0

Maturity gain P1(T ) P2(T )

We expect that the continuation region of V1,2 — corresponding to continued investment

in both projects — shrinks to zero as time goes to T , because an optimal policy would

never allow both projects to be completed. It would be better, for example, to abandon

the project that is almost certainly going to lose a short time before completion.

If we assume that we can solve 1-dimensional optimal stopping problems, then V1 and

V2 are known functions. We may therefore focus on exclusively on the V1,2 column in the

above table, and try to determine V1,2 given the continuation, stopping and maturity gains

in that column. Finding V1,2 amounts to solving an MOS problem.

Supposing that we can solve the 2-dimensional optimal stopping problem, we may

proceed and add a third project to the mix. The optimal value of developing three projects

in parallel is as follows:

V1,2,3({x, y, z}, s) := max
s≤τ≤T

E(x,y,z)

[
e−r (τ−s) max

{
V1,2, V1,3, V2,3

}
−
∫ τ

s

dθ (c1 + c2 + c3) e−r(θ−s)

]

where the ‘continuation gain’ equals −(c1 + c2 + c3) for every unit of time that all three

projects are pursued in parallel, and the ‘stopping gain’ is equal to the value of continuing

the chosen pair optimally, and where the maximisation is over all stopping times τ . If we

can solve the 2-dimensional optimal stopping problem above, then the Vi,j are all known

functions. Therefore, we obtain a 3-dimensional optimal stopping problem with known

continuation and stopping gains. We can extend this to the situation of four alternative

projects, and so on.

We conclude, therefore, that if we can solve a d-dimensional optimal stopping problem

— with d ≥ 1 and any given set of GC , GS and GM — we can iteratively solve all these

problems. First we would solve the optimal development of all i projects in isolation:

we would need to solve i 1-dimensional optimal stopping problems. (If all projects were
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identical, then only one 1-dimensional optimal policy would apply to all projects.) Second,

we would solve the 2-dimensional problem for all possible pairs chosen from i projects,

where the stopping gain is equal to continuing the single chosen project optimally. Third,

we would solve the 3-dimensional problem, where the stopping gain is equal to continuing

the one chosen pair optimally, and so on. Therefore, if we can solve a general optimal

stopping problem in d dimensions — with given GC , GS and GM — then we can iteratively

build the solution to the entire problem. If all projects are identical, we need to solve only

d problems: the 1-d problem once, the 2-d problem once, etc.

1.4 Brownian motion

In this paper we will show how to solve multidimensional optimal stopping (MOS) prob-

lems, where d ≥ 1. We will take the underlying stochastic space to be a d-dimensional

Brownian motion of unit variance in each spatial direction. We will call this a standard

(d-dimensional) Brownian motion, or simply Brownian motion. Using a Brownian motion

as the underlying process may be slightly unusual, because many authors take a geometric

Brownian motion as the underlying stochastic process, for example. There is some arbi-

trariness in choosing the underlying process, but we will find it useful to choose a standard

Brownian motion, and we lose no generality by doing so. But the fact that we choose

a standard Brownian motion as the underlying stochastic process does imply something

about the pay-off. To model an American option, for example, one usually takes a geo-

metric Brownian motion GBMt as the stochastic process and max{K −GBMt, 0} as the

pay-off. Instead we would take as the stochastic process the standard Brownian motion Bt

and as pay-off max{K − GBM0 e
µ t+σ Bt , 0}. It is clear that both formulations are equiv-

alent. In cases where only one of two American options may be exercised, as in [3], the

stopping gain equals

GS(GBM1,t, GBM2,t) = max
[

max
{
GBM1,t, GBM2,t

}
−K, 0

]
where the GBMs are correlated geometric Brownian motions. The stopping gain GS in our

framework would be

GS(B1,t, B2,t) = max
[

max
{
GBM1,0 e

µ1 t+σ1B1,t , GBM2,0 e
µ2 t+σ2 (ρB1,t+(1−ρ2)1/2B2,t)

}
−K, 0

]
because the processes B1,t and (ρB1,t + (1 − ρ2)1/2B2,t) each have unit variance and are

correlated with correlation ρ, where B1,t and B2,t are truly independent Brownian motions;

see e.g. [4], p. 171.

Thus we allow all problems to be solved that are, ultimately, based on a standard

Brownian motion. If the underlying process is truly different, for example when it allows

jumps, as is the case for Lévy processes, then it cannot be modelled with the methods

presented in this paper. But any process that is a function of Brownian motion can indeed

be dealt with using these methods.
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1.5 Free-boundary problems

Optimal stopping problems are closely related to boundary value problems. Boundary

value problems take the boundary as given, and prescribe one boundary condition: the

value at the boundary can be prescribed (Dirichlet problem), the normal derivative can be

prescribed (Neumann problem), or a linear combination of the value and derivative can be

prescribed (third boundary value problem).

Free-boundary problems in physics and optimal stopping problems in finance origi-

nate from different disciplines and have different objects of study (e.g. Stefan’s ice-melting

problem vs American options), but mathematically they are equivalent. For these free-

boundary problems, as the name suggests, the boundary of the domain is not given, but

instead two boundary conditions are specified: both the value and normal derivative are

prescribed. The task, then, is to find the unique domain that allows both boundary condi-

tions to be satisfied. In any dimension, the domain to be found corresponds to the region

of continued investment in all alternatives. As soon as the stochastic process reaches the

boundary, one project is terminated, the continuation space reduces to d − 1 dimensions,

and d− 1 projects are continued optimally.

For optimal stopping problems with a finite horizon (i.e. maturity), the continuation

domain and its boundary are in general time-dependent. Intuitively we would expect the

optimal continuation domain to shrink over time, forcing a decision before time T . We

may summarise as follows:

domain D(·) value at ∂D(·) derivative at ∂D(·)
Dirichlet problem given prescribed to be found

Neumann problem given to be found prescribed

MOS problem to be found prescribed prescribed

Here and elsewhere, the dynamic domain and its boundary are indicated by D(·) and ∂D(·),
and where these at a specific time t are indicated by D(t) and ∂D(t).

In classical potential theory, the Dirichlet problem was posed for the Laplace operator

and for a static domain D. Parabolic potential theory poses the same problem for the

heat operator. But in both cases the value is prescribed at the boundary of the static

domain. We allow for a dynamic domain, but the fact that the value at the boundary is

prescribed still justifies that we view it as a Dirichlet problem. This holds, too, for the

classical Neumann problem and the parabolic Neumann problem, both of which prescribe

the normal derivative at the boundary of a static domain. We allow for a dynamic domain

and in that sense the terms ‘Dirichlet problem’ and ‘Neumann problem’ are used loosely:

they refer only to what kind of boundary condition is satisfied.

The optimal value V in any dimension d should satisfy four conditions. First there is

a partial differential equation to be satisfied in the interior of D(·). Then there are two
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boundary conditions: both the value and normal derivative at the dynamic boundary are

prescribed. Lastly there is a ‘boundary condition’ at maturity T , which prescribes the value

of V at maturity. The task, then, is to find 1) the optimal value V and 2) the optimal

dynamic domain D(·), where these must be determined simultaneously. The equations

satisfied by an optimal V are as follows:

The value is unbiased

(
1

2
∇2
x +

∂

∂s
− r
)
V (x, s) = −GC(x, s) x ∈ D(s),

Value-matching condition V (β, s) = GS(β, s) β ∈ ∂D(s),

Smooth-pasting condition ∂βV (β, s) = ∂βGS(β, s) β ∈ ∂D(s),

Value at maturity V (x, T ) = GM (x, T ) x ∈ D(T ).

(1.1)

The dynamic domain and its boundary at any particular time s are indicated by D(s) and

∂D(s), and the Laplacian in d dimensions is defined by

∇2
x :=

d∑
i=1

∂2

∂x2i
.

Also, β is a regular boundary coordinate, and ∂β is the inward normal derivative at the

regular boundary coordinate β. Regular boundary points are defined as those allowing a

tangent plane, at each point in time, such that the normal direction unambiguously exists.

The optimal value at space-time coordinate (x, s) is indicated by V (x, s), where x is a vector

of positions, i.e. the space-time coordinate (x, s) equals ({B1,s, · · · , Bd,s}, s). The constant

discount rate is indicated by r. These four conditions are indicated for a 1-dimensional

and a 2-dimensional token problem in Figure 3. The continuation regions that are drawn

are only indicative. The differential equation is written as ∆V = −GC where

∆ :=
1

2
∇2
x +

∂

∂s
− r.

It should also be noted that in the problem formulation (1.1), the three possible gains

G· all appear, and in different places. Apart from their intuitive appeal, therefore, their

existence is also suggested by the mathematical formulation.

We have established that we can iteratively solve the problem of alternatives that we

set out to solve, if we can solve (1.1) for any dimension d. We will now discuss each of

these four conditions in (1.1).

1. The first condition says that the value is unbiased. When x is inside D(s), a passage

from the continuation region into the stopping region cannot happen immediately.

Thus, as x progresses to x+dB and s to s+ds, where both x and dB are d-dimensional

vectors, the continuation gain GC(x, s) ds is received, and the value function goes to

V (x+ dB, s+ ds). The new value is obtained after time ds and must be discounted,
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Figure 3. Optimal stopping problems in one and two spatial dimensions, with four conditions on

the optimal value V , in each case. Together they determine the optimal value V and the domain

D(·) uniquely. The situation in dimensions d ≥ 3 is analogous — and in fact the four conditions

appear unchanged. This is because the definition for the Laplacian ∇2 and the inward normal

derivative ∂ hold for any dimension d. In d = 1 we get simply that the Laplacian equals ∂2/∂x2

and the inward normal derivative ±∂/∂x, depending on the inward direction.

i.e. we get e−r dsV (x + dB, s + ds) + GC(x, s) ds. The new value will almost surely

be different from the old value V (x, s). But on expectation, it must be the same. We

can thus write a Taylor expansion to first order in ds as follows:

V (x, s) = E
[
V (x+ dB, s+ ds) e−r ds

]
+GC(x, s) ds

= E
[(
V (x, s) +∇xV (x, s) · dB + 1

2
∇2
xV (x, s)dB · dB + ∂

∂s
V (x, s) ds

)(
1− r ds

)]
+GC(x, s) ds

= V (x, s) +

[
1
2
∇2
x + ∂

∂s
− r
]
V (x, s) ds+GC(x, s) ds

= V (x, s) +

[
∆V (x, s) +GC(x, s)

]
ds

where we have used Itô’s lemma. It should not be surprising that V is unbiased.

Ultimately V is an expectation over all possible continuation gains, stopping gains

and maturity gains, and thus — upon progressing a short time ds — the expectation

should not be expected to change! In fact, this property also holds for non-optimal

boundaries. As long as the value is defined as an expectation over all future gains until
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some stopping time determined by the first exit out of the continuation region, then

it must be unbiased. For continuous time optimal stopping problems, therefore, the

equation that is often referred to as Bellman’s dynamic programming equation has

nothing to do with optimality, but only with the fact that expectations are unbiased.

2. The second condition in (1.1) says that stopping becomes imminent as x in V (x, s)

approaches a regular boundary coordinate β on ∂D(s). We can allow a finite number

of singular boundary points, because there is zero probability that a Brownian path

will hit any of them. At regular boundary points β it is obvious that the Brownian

motion immediately exits the continuation domain and thus the only value that is

obtained, from then onwards, equals the immediate stopping value GS(β, s). Again

it should be noted that this condition has nothing to do with optimality: if the value

is defined as an expectation over all future gains and possible first exits out of a

non-optimal domain, then the ‘immediate stopping’ condition will hold also at the

boundary of the non-optimal domain.

3. We skip the third condition in (1.1) for the moment, and jump to the fourth. The

fourth condition says that as s approaches the maturity date T , the only remaining

contribution is the maturity gain GM . Again this condition holds automatically by

defining V as an expectation over all future gains, even when the domain is non-

optimal: if the Brownian path never leaves the continuation domain, then it survives

until time T and picks up GM .

4. Given the above, we must conclude that the condition that actually defines opti-

mality is the smooth-pasting condition in (1.1). The smooth-pasting condition (also

known as ‘smooth-fit’ and ‘high-order contact’) may appear mysterious, but is very

widely used and quoted; see for example [5] and [6]. The intuition is as follows: if

smooth-pasting holds, then the value of V can be approximated, on both sides of the

boundary, by one and the same hyperplane that is unambiguously defined. If instead

there is a ‘kink’ in V at the boundary, then it can be approximated by two hyper-

planes and thus locally V is either convex or concave — depending on how the two

hyperplanes meet. At the boundary of the continuation domain the decision maker

is supposed to be indifferent between continuing for an infinitesimally small time and

stopping. Therefore, the value at the boundary (i.e. stopping immediately) must

be equal to the average of continuing for a short time. If this average is taken over

a strictly convex or concave future value V , then the continuation value will either

be strictly higher or lower than the immediate stopping value — contradicting the

supposed indifference. Kinks are thus not allowed and smooth-pasting must hold; for
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a 1-dimensional explanation see e.g. [5] (p. 130), or for the multi-dimensional case

see e.g. [3] (p. 249).

1.6 Assumptions and main result

Multidimensional optimal stopping is a relatively new field, in which little is known. To

proceed, we will need to make the following (heroic!) assumptions:

1. The solution to the MOS problem (1.1), given by the pair D(·) and V (x, s), exists

and is unique.

2. The solution D(·) that solves the MOS problem (1.1) allows Green’s theorem at each

point in time: at each time it only has a finite number of edges, corners and cusps.

3. The solution D(·) that solves the MOS problem (1.1) allows Reynold’s theorem: it

moves with an integrable velocity, for all regular boundary points and at all times.

The question of whether or not a solution exists depends on the smoothness of the

three gains. If GS is smooth everywhere, then smooth-pasting should hold everywhere, and

therefore the dynamic boundary can be smooth everywhere. If GS is smooth everywhere

and if the boundary itself is continuous, then smooth-pasting will hold everywhere except

where the boundary has cusps or corners.

If GS is non-smooth on some subset of Rd, for example on the diagonal, as is the case

for max{x, y}, then smooth-pasting may not hold when the boundary crosses the diagonal.

Often, in such cases, the optimal boundary in fact never crosses the diagonal and therefore

smooth-pasting still holds for all boundary points. The 1-dimensional American option, for

example, has a stopping gain GS that is not smooth (it involves a max-function). But the

boundary never crosses the level where there is a kink in GS , and therefore smooth-pasting

still holds everywhere. Even when the dynamic boundary does in fact cross the non-smooth

subset a finite number of times, then we could hypothesise that the dynamic boundary

would still be piecewise smooth — which is allowed by Green’s theorem. Assuming the

validity of Green’s theorem, therefore, does not seem to drastically limit the set of problems

we can solve.

As far as Reynold’s theorem is concerned, we allow that the underlying stopping gain

GS depends on time. If it has a finite time-derivative at each spatial location, then there

is no reason to expect any boundary element to have an infinite speed, except possibly

at maturity. To see why it could have an infinite speed at maturity, consider again the

well-known example of the 1-dimensional American option. The exercise boundary has an

infinite slope at the horizon, but the ‘speed’ of the boundary at t→ T is integrable because

the distance travelled by the boundary is finite. In the multidimensional case we allow for

– 17 –



– Section 1 –

the same situation: where the location of the boundary is assumed to be integrable. Again,

we do not find this assumption too stringent.

Our approach will be to assume, simply, that the abovementioned assumptions are sat-

isfied. While our assumptions do not seem overly restrictive, it is not clear that they should

hold in all cases. Furthermore, it is possible that our assumptions are not independent:

one would be hard pressed to come up with a problem, for example, with a unique solution

but including an infinite number of singular boundary points. Existence and uniqueness

assumptions may therefore be equivalent to certain smoothness assumptions, but here we

are guessing. Thus we allow our intuition (and Green’s and Reynold’s theorems) to inspire

the assumptions we need, and we will see where this leads us. If the assumptions above

hold, we obtain the following theorem:

Theorem 1. If the solution to the MOS problem (1.1) exists and is unique, and if the

optimal domain D(·) allows both Green’s theorem and Reynold’s theorem at all times, then

the optimal value V is given by:

V (x, s) = GS(x, s)

+

∫ T

s
dτ

∫
D(τ)

dα

(
GC(α, τ) + ∆GS(α, τ)

)
e−r(τ−s)B(α, τ |x, s)

+

∫
D(T )

dα

(
GM (α, T )−GS(α, T )

)
e−r(T−s)B(α, T |x, s)

(1.2)

where D(·) is the optimal domain. The optimal domain can be found by applying either

value-matching or smooth-pasting to the optimal value, at all boundary coordinates β ∈
∂D(s), ∀s ≤ T . If GS is only piecewise smooth, then ∆GS should be interpreted as involving

distributional derivatives.

Here B(y, t|x, s) indicates the free Brownian density as defined in (2.1). This theorem

is new, to the author’s best knowledge — and it seems to be one of the first more general

results in the field of MOS. The book Optimal stopping and free boundary problems by

[6], for example, only tangentially touches upon the multidimensional case. [7] confine

themselves to the 2-dimensional American option: d = 2 and only GS is non-zero and

required to be convex. [8] consider a portfolio of savings and stocks where rearranging

occurs a transaction cost, and solve a 2-dimensional free-boundary problem with an infinite

horizon. In [9] time is discretised. But there appears to be a lack of more general results

regarding MOS.

The proof of Theorem 1 consists of two parts, i.e. we need to show that:

1. Given that D(·) is optimal, then V can be written as proposed.
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2. Given this V , D(·) can be determined by demanding either value-matching or smooth-

pasting for all boundary locations and times β ∈ ∂D(·).

We also provide some intuition for Theorem 1. The optimal value V is separated in

an ‘immediate-stopping’ value GS (the first term) and an ‘option value’ (the second and

third term). The option value consists of a weighted integration over the continuation

region D(·) at all times τ for s ≤ τ ≤ T (second term), as well as an integration over the

continuation region at maturity (third term). We may define

• effective continuation gain := GC(α, τ) + ∆GS(α, τ),

• effective maturity gain := GM (α, T )−GS(α, T ).

At a location and time where the effective continuation gain is positive, one would always

continue a short time dt. With these definitions, we see that the ‘option value’ consists

of the expected sum of ‘effective continuation gains’ and ‘effective maturity gains’, as

collected by a free Brownian motion, in all of the future continuation region D(·). As a

result, the ‘effective continuation gains’ and ‘effective maturity gain’ are weighted by the

free propagator B(α, τ |x, s) and B(α, T |x, s). For x → ∂D(s) value-matching must hold.

The value V must equal the stopping gain GS , and therefore the ‘option value’ at the

optimal boundary must be zero. Thus we have:

Corollary 1. For x on the optimal boundary, the expected value of all effective continu-

ation and effective maturity gains, as collected by the free Brownian path during its time

in the optimal continuation domain D(·), equals zero. This holds true for all boundary

locations x ∈ ∂D(·), i.e.

0 = Ex

[ ∫ T

s
dτ

(
GC(Bτ , τ) + ∆GS(Bτ , τ)

)
1Bτ∈D(τ) e

−r (τ−s)

+

(
GM (BT , T )−GS(BT , T )

)
1BT∈D(T ) e

−r (T−s)

]
∀x ∈ ∂D(s), ∀s ≤ T .

(1.3)

This interpretation holds for all d ≥ 1 and, to the author’s best knowledge, is new.

It follows that the optimality of any single boundary location is dependent on all future

boundary locations, and therefore the entirety of all dynamic boundary locations must

be determined at once. In general, we cannot determine any boundary location without

knowing all others.

Although we can write the optimality equation for a general situation as in Corollary

1 — as an integration over D(·) — in any specific situation we will need to parametrise

the boundary, in one way or another. The parametrisation of a volume, such as the

domain D(·), allows one to identify the set of coordinates that lie within the volume.
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Parametrisations are not generally unique: one can often parametrise a volume in either

Cartesian or spherical coordinates, for example. A cube is more easily parametrised in

Cartesian coordinates, and a sphere is more easily parametrised in spherical coordinates.

Of course, the intrinsic properties of a geometric object (such as length, volume or surface

area) do not depend on its parametrisation.

For the integral equation in question, it is a priori unclear what the solution D(·) will

look like, and therefore it is a priori unclear what parametrisation would be convenient. If

the parametrisation chosen is sufficiently general then it can never be wrong. But if some

properties of the optimal solution are known (or expected) beforehand, then it might be

possible to choose a more specific parametrisation that allows for easier calculation.

In a relatively general case, a closed curve could be parametrised by a certain parameter

φ, i.e.

x = x(φ),

y = y(φ).

If, moreover, the shape of the curve is time-dependent, then both Cartesian coordinates

may also depend on time, i.e.

x = x(φ, t),

y = y(φ, t).

In general, therefore, to specify a curve we would need to specify two functions. The same

logic holds in the other direction: to find the 2-dimensional domain D(·) we must generally

find two functions.

If some properties of the domain to be found are known beforehand, then it may be

possible to choose a more convenient parametrisation. If it is a priori known, for example,

that the domain to be found is convex at all times, then it should be possible to express

the radius ρ of the domain as a function of the polar angle φ, and of time — in which case

we call the domain radial. It is implied that 0 ≤ φ ≤ 2π and t ≤ T . The advantage would

be that we would only need to find one function, rather than two.

Focusing on the 2-dimensional case specifically, and on the case when the domain is

known to be radial, we investigate the optimality condition of Corollary 1 in detail. We

will see that, even if only one function ρ(φ, t) is to be found, the task is still formidable.

The optimality equation that must be satisfied by all boundary locations can be classified

as a multidimensional non-linear homogeneous Volterra integral equation of the first kind,

with the following distinguishing features:

1. The unknown function ρ(φ, t) determines the domain of the integration over D(·);
therefore it is a Volterra-type equation. Although Volterra equations normally have

the variable in the limit of the integration, rather than the unknown function as in
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this case, we argue that Volterra equations are still more applicable than Fredholm

equations, which have a fixed and known domain of integration.

2. Apart from its appearance in the domain D(·), the unknown function ρ(φ, t) also

appears under the integral sign, because the location of the boundary coordinate x

depends on ρ(φ, t). Because ρ(φ, t) appears under the integral sign but not outside

the integral, it is an equation of the first kind.

3. The unknown function ρ(φ, t) appears under the integral sign as a function of the

free Brownian density B; therefore it is non-linear.

4. The expected value of all effective gains equals zero; therefore it is a homogeneous

equation.

For 1-dimensional Volterra equations, where the integration extends over a variable

linear interval, many known methods exist; see e.g. [10], [11], [12] or [13]. Unfortunately

this is not the case for multidimensional Volterra integral equations. For the existence and

uniqueness of solutions to Volterra equations, see e.g. [12] (p. 25).

In the single asset case, [7] have shown that the numerical procedure based on the

integral method can compete with the standard binomial procedure. In the multidimen-

sional case, unfortunately, no analogous result exists. Therefore, we will provide our own

(possibly very inefficient) numerical procedure in section 4 for the case when one of two

options may be exercised. For the parallel investment in two alternative projects, we are

as yet unable to provide a numerical example, but we are able to provide some intuition in

Corollary 2:

Corollary 2. For investment in two alternative projects with continuation costs c1 and c2,

the expected time spent by a free Brownian motion, from each optimal boundary location

β, in the continuation region where project 1 is in the lead — as weighted by c2 — plus the

expected time spent in the continuation region where project 2 is in the lead — as weighted

by c1 — must equal the expectation of time spent on the curve V1 = V2, where both projects

are equally valuable — as weighted by 1
2

(
∂V1
∂x

)2
+ 1

2

(
∂V2
∂y

)2
.

Intuitively, this means that the total expected ‘loss’ — defined as the total amount of

money spent on projects when they are not in the lead — is allowed to be greater if many

switches are expected in which project is leading.

So far we have said nothing about the proof of Theorem 1. It turns out that the proof

can follow one of three possible routes:

starting point based on satisfies to be imposed

proof A Dirichlet value absorbed BM value-matching smooth-pasting

proof B Neumann value reflected BM smooth-pasting value-matching

proof C a smart guess free BM neither both
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where ‘BM’ stands for Brownian motion. Here we encounter a classic catch-22: it was

unclear, to the author of this paper, how to distribute effort between the three alternatives

proofs, such that at least one proof is completed before the PhD is handed in, and the

answer to the problem of alternatives is provided. Thus the result of this research would

have been useful to formulate a strategy to complete it.4 It is obvious for any theorem that

only one proof is sufficient (i.e. different proofs are alternatives), the progress and potential

of each route can be reviewed over time, and there is a clear deadline before which at least

one proof must be completed (i.e. the end of the PhD time window). Parallel investment

allows for more exploration, but is also costly, resulting in the classic trade-off between

exploration on the one hand, and exploitation of the current best candidate on the other.

One of the main contributions of this paper, however, is not the solution to the problem

of alternatives (although that problem originally inspired this work), but the general method

for solving MOS problems. MOS problems include all problems based on Brownian motion

and with a non-additive revenue structure, of which the problem of alternatives is an

example. To show the validity and versatility of the main idea — i.e. the interplay between

boundary value problems and free-boundary value problems — we will present all three

proofs A, B and C; these are different but analogous, as the reader will quickly discover.

There is a certain symmetry connecting these different approaches, which would be lost if

they were presented in isolation. A second advantage of our approach is its mere reliance

only on:

1. Green’s theorem (see e.g. [14]), allowing a finite number of edges, corners and cusps

— as explained in many classic reference works, such as [15] (p. 118-119).

2. Reynold’s transport theorem, allowing domains that are piecewise smooth at each

point in time, and where all regular boundary elements have integrable speeds at all

times — as in e.g. [16].

Section 2 relies heavily on both theorems. It also builds on part I of the thesis, as will

become clear from the formulae.

1.7 Comparison with the literature

Finally we will discuss how the current paper deviates from the literature. Option theory

has largely focused on options within projects, rather than on options where either project

may succeed. Portfolio theory considers multiple assets and allows for correlation, but

usually assumes that profits are additive and there is (at least classically) no time element

or adjustment (e.g. [17] or [18]). Practitioners do of course rebalance portfolios, and

modern literature such as [19] allows for uncertainty in the parameters, but portfolio theory

4Although, technically, ‘effort’ is divisible, whereas the problem of alternatives relates to real projects.
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assumes an additive revenue structure which makes it not completely suited to the problem

of alternatives.

Search theory considers the trade-off between exploiting the current best candidate

and sampling further, and it also allows for learning; see e.g. [2], [20], [21], [22] or [23].

But sampling is usually discrete and sequential, making search theory not wholly suitable

to the problem of alternatives.

The theory on multi-armed bandits involves multiple projects (slot-machines) and is

very well developed; see e.g. [24] and [25]. The theory is not fully applicable to the

problem of alternatives, however, because play is usually discrete and sequential, revenues

of different machines are additive and the time-horizon is normally infinite. [26] generalise

this situation and allow for any subset of machines to be activated at any decision epoch

and for any distribution of effort (i.e. the resource is divisible). Still, the bandits evolve

independently and revenues of different bandits are additive. In all likelihood it is possible

to tackle the problem of alternatives using the theory of multi-armed bandits, as the number

of decision epochs goes to infinity, when only the bandit with the best state generates

revenues at some predetermined finite time T , and when that bandit has been selected

for play at all preceding decision epochs (i.e. it has not been abandoned). In the bandit

literature, the paper Stoppable families of alternative bandit processes [27] is probably

closest related to the issue discussed here. The original aim of multi-armed bandit theory,

however, quoting Gittins, is to ‘decide which arm to pull next at each stage so as to

maximise the total expected reward from an infinite sequence of pulls’ (see [28]). This

shows that multi-armed bandit theory may not be the most natural starting point for the

problem of alternatives.

The theory of optimal stopping includes the time element very explicitly, but by and

large it concerns single projects. In the finance literature it is mainly the American op-

tion that has attracted much interest; see e.g. [29], [30] and [31]. While our problem of

alternatives contains real projects rather than financial projects, it is equally possible to

have financial options on more underlying assets. An example is [7], where only one of

two American options may be exercised — and the problem thus requires a 2-dimensional

continuation region. The approach in our paper can indeed be used to solve the American-

max option as described by [7]. The theory of optimal stopping is in many ways a natural

starting point for the problem of alternatives, except that it needs to be formulated 1)

not just for financial options, and 2) for d ≥ 2. We do exactly this, and we note that

the extension from one to more dimensions suggests itself: the four conditions of (1.1) are

unchanged for any d.

We conclude that the question of parallel and continuous investment in alternatives

has not been considered fully and systematically, at least not analytically. We propose that
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this is due not to a perceived lack of relevance, but to the lack of an adequate MOS theory.

This paper is organised as follows. Section 2 discusses d-dimensional Brownian motion

in domain D(·) with boundary conditions, and provides the necessary mathematical tools

for the proofs in Section 3. Section 4 provides a numerical example, and Section 5 concludes.
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2 Mathematical prerequisites

2.1 Brownian motion

In d dimensions, the transition density of a standard Brownian motion is as follows:

B(y, t|x, s) =
1

[2π(t− s)]d/2
e−
|y−x|2
2(t−s) (2.1)

where B(y, t|x, s) is equal to the (marginal) probability that a Brownian particle moves to

space-time coordinate (y, t) given that it started at (x, s). Formally, a Brownian motion

is defined as the continuous process, with independent increments, and such that the in-

crement during dt is normally distributed with mean zero and variance dt. The explicit

representation (2.1) shows that the density B safisfies

forward PDE

(
∂

∂t
− 1

2
∇2
y

)
B(y, t|x, s) = 0,

backward PDE

(
∂

∂s
+

1

2
∇2
x

)
B(y, t|x, s) = 0,

forward STC lim
s↗t

B(y, t|x, s) = δ(|y − x|),

backward STC lim
t↘s

B(y, t|x, s) = δ(|y − x|).

(2.2)

Here and elsewhere, PDE stands for ‘partial differential equation’, STC stands for ‘short-

time condition’ and where δ is the Dirac δ-function.

2.2 Absorbed Brownian motion

The domain and its boundary at a specific time t are indicated by D(t) and ∂D(t). The

transition density of absorbed Brownian motion (ABM) in the dynamic domain D(·) is

indicated by A(y, t|x, s), with forward and backward space-time coordinates (y, t) and

(x, s). The absorbed transition density A(y, t|x, s) satisfies the following set of equations:

forward PDE

(
∂

∂t
− 1

2
∇2
y

)
A(y, t|x, s) = 0 x ∈ D(s) y ∈ D(t),

backward PDE

(
∂

∂s
+

1

2
∇2
x

)
A(y, t|x, s) = 0 x ∈ D(s) y ∈ D(t),

forward BC A(β, t|x, s) = 0 x ∈ D(s) β ∈ ∂D(t),

backward BC A(y, t|β, s) = 0 β ∈ ∂D(s) y ∈ D(t),

forward STC lim
s↗t

A(y, t|x, s) = δ(|y − x|) x ∈ D(t) y ∈ D(t),

backward STC lim
t↘s

A(y, t|x, s) = δ(|y − x|) x ∈ D(s) y ∈ D(s).

(2.3)

The boundary conditions hold only for all regular (i.e. non-singular) boundary points β

if the boundary is only piecewise smooth. BC stands for ‘boundary condition’. It can be
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proved that the absorbed transition density 1) exists, 2) is unique and 3) is determined

by the above conditions; see for example [32], [33] or [34]. The definition of a ‘regular’

boundary point is one allowing a tangent plane. The PDEs are satisfied because the

transition density is unbiased. The BCs are satisfied because no Brownian particle can

move to or from a regular boundary point without being absorbed, and the STCs are

satisfied for x and y in the interior because in the short-time limit the absorbed transition

density must behave like the free transition density.

Because paths are absorbed at the boundary ∂D(·), the density of all paths that are

‘alive’ is decreasing. The probability that the first passage occurs at time τ is equal to the

‘proportion’ of paths that disappear at time τ . Therefore

P (τFP ∈ dτ |Bs = x) = − ∂

∂τ

∫
D(τ)

dαA(α, τ |x, s)

= −
∫
D(τ)

dα
1

2
∇2
αA(α, t|x, s)

= −
∮

∂D(τ)

dβ
1

2
nβ · ∇βA(β, t|x, s)

=
1

2

∮
∂D(τ)

dβ
−→
∂βA(β, t|x, s)

where the third line follows by the divergence theorem, where nβ is the outward normal

at β, and where
−→
∂β is the inward normal derivative, differentiating towards its right. It

is a positive operator when working on the absorbed density A, because A is zero on

the boundary but positive in the interior. Because probability can only disappear at the

boundary, the joint probability for the first-passage time and first-passage location is

P (τFP ∈ dτ ; BτFP ∈ dβ|Bs = x) =
1

2

−→
∂βA(β, τ |x, s) ∀β ∈ ∂D(τ) (2.4)

and this holds for all regular boundary coordinates β if the boundary is only piecewise

smooth. The original research on this topic starts here. We start by writing down the

following identities:

FP A(y, t|x, s) = B(y, t|x, s) −
∫ t

s
dτ

(
− ∂

∂τ

) ∫
D(τ)

dα B(y, t|α, τ)A(α, τ |x, s),

LP A(y, t|x, s) = B(y, t|x, s) −
∫ t

s
dτ

(
∂

∂τ

) ∫
D(τ)

dα A(y, t|α, τ)B(α, τ |x, s).
(2.5)

These indenties hold by virtue of the fundamental theorem of calculus and the STCs

satisfied by the free density B and the absorbed density A. The nomenclature of first-

passage (FP) and last-passage (FP) decomposition is discussed extensively in Part I of this
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thesis. Next we will use the PDEs that are satisfied by A. Because A disappears on the

boundary, differentiation under the integral sign is allowed and we can use the PDEs of

(2.3) and (2.2), to obtain

FP A(y, t|x, s) = B(y, t|x, s)− 1

2

∫ t

s
dτ

∫
D(τ)

dα B(y, t|α, τ)
{←−
∇2
α −
−→
∇2
α

}
A(α, τ |x, s),

LP A(y, t|x, s) = B(y, t|x, s) +
1

2

∫ t

s
dτ

∫
D(τ)

dα A(y, t|α, τ)
{←−
∇2
α −
−→
∇2
α

}
B(α, τ |x, s).

(2.6)

The arrows indicate the direction of the differentiation, and we feel this notation makes

expressions more readable. Then we use Green’s second identity — which is valid for

domains with a finite number of edges, corners and cusps — to obtain

FP A(y, t|x, s) = B(y, t|x, s) +
1

2

∫ t

s
dτ

∮
∂D(τ)

dβ B(y, t|β, τ)
{←−
∂β −

−→
∂β

}
A(β, τ |x, s),

LP A(y, t|x, s) = B(y, t|x, s)− 1

2

∫ t

s
dτ

∮
∂D(τ)

dβ A(y, t|β, τ)
{←−
∂β −

−→
∂β

}
B(β, τ |x, s).

(2.7)

The operator ∂β is again the inward normal derivative, operating in the direction of the

arrow. The BCs of (2.3) require that A is zero on the boundary, and thus we must have

that ∂β points towards A, so we obtain:

Proposition 1. FP & LP decomposition for ABM in D(·). The absorbed Brownian

density A(y, t|x, s) in the time-dependent domain D(·), which allows both Green’s theo-

rem and Reynold’s transport theorem at each point in time, is determined by (2.3), or,

equivalently, by the following pair of integral equations:

FP A(y, t|x, s) = B(y, t|x, s)−
∫ t

s
dτ

∮
∂D(τ)

dβ B(y, t|β, τ)

{
1

2

−→
∂β

}
A(β, τ |x, s),

LP A(y, t|x, s) = B(y, t|x, s)−
∫ t

s
dτ

∮
∂D(τ)

dβ A(y, t|β, τ)

{
1

2

←−
∂β

}
B(β, τ |x, s).

(2.8)

This proposition is believed to be new. In fact, its derivation mirrors exactly the

derivation of Proposition 1 in Part I of this thesis, except that the domain D(·) here is

time-dependent, and therefore this result is more general. We see that a positive term is

subtracted from the free density to obtain the absorbed density.

Also, we recognise that we have now used all 6 PDEs, STCs and BCs of (2.3) in

the derivation of these two integral equations, i.e. all the conditions that are supposed

to specify A uniquely have now been used — along with Green’s second identity on the

domain. The first- and last-passage decompositions relate the value of A to its boundary

behaviour and can be used to obtain a series solution for the absorbed density, as in Part

I of this thesis, but we will not pursue this here.
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2.3 Reflected Brownian motion

The reflected transition density is indicated by R(y, t|x, s), with forward and backward

space-time coordinates (y, t) and (x, s). The reflected transition density R(y, t|x, s) satisfies

the following set of equations:

forward PDE

(
∂

∂t
− 1

2
∇2
y

)
R(y, t|x, s) = 0 x ∈ D(s) y ∈ D(t),

backward PDE

(
∂

∂s
+

1

2
∇2
x

)
R(y, t|x, s) = 0 x ∈ D(s) y ∈ D(t),

forward BC

(−→
∂β − 2β̇(t) · nβ(t)

)
R(β, t|x, s) = 0 x ∈ D(s) β ∈ ∂D(t),

backward BC R(y, t|β, s)
←−
∂β = 0 β ∈ ∂D(s) y ∈ D(t),

forward STC lim
s↗t

R(y, t|x, s) = δ(|y − x|) x ∈ D(t) y ∈ D(t),

backward STC lim
t↘s

R(y, t|x, s) = δ(|y − x|) x ∈ D(s) y ∈ D(s).

(2.9)

Here and elsewhere, PDE stands for ‘partial differential equation’, BC stands for ‘boundary

condition’ and STC stands for ‘short-time condition’. The outward normal is indicated

by nβ, β̇(t) indicates the velocity (i.e. a vector) of the boundary element β(t), and ∂β

indicates the inward normal derivative at β. The boundary conditions hold only for all

regular boundary points β if the boundary is only piecewise smooth. The STCs are satisfied

for x and y in the interior because in the short-time limit the reflected transition density

must behave like the free transition density. The reflected transition density 1) exists,

2) is unique and 3) is determined by the above conditions; see for example [33] and [34].

The PDEs are satisfied because the reflected transition density is unbiased. The BCs are

satisfied because a Brownian particle is reflected in the normal direction, at any regular

boundary point β, and because the moving and reflecting boundary also ‘drags’ along some

density. The backward BC here is equal to the backward BC for a static domain D, as in

Part I of this thesis. The forward BC, however, is different, but can be derived as follows.

By way of the Chapman-Kolmogorov equation, we have

R(y, t|x, s) =

∫
D(τ)

dαR(y, t|α, τ)R(α, τ |x, s). (2.10)

The left-hand side does not depend on τ . Differentiating with respect to τ gives:

0 =
∂

∂τ

∫
D(τ)

dαR(y, t|α, τ)R(α, τ |x, s). (2.11)

We use Reynold’s transport theorem, as in [16], to differentiate the limit of integration (i.e.

the changing domain), and we also integrate under the integral sign and use the PDEs to
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obtain the following:

0 =

∮
∂D(τ)

dβ R(y, t|β, τ)
{
nβ · β̇(τ)

}
R(β, τ |x, s)

−1

2

∫
D(τ)

dα R(y, t|α, τ)
{←−
∇2
α −
−→
∇2
α

}
R(α, τ |x, s),

=

∮
∂D(τ)

dβ R(y, t|β, τ)
{
nβ · β̇(τ)

}
R(β, τ |x, s)

+
1

2

∮
∂D(τ)

dβ R(y, t|β, τ)
{←−
∂β −

−→
∂β

}
R(β, τ |x, s).

(2.12)

The last equality follows from Green’s theorem, which holds as long as D(τ) is piecewise

smooth. As usual, the arrows on the differential operators indicate the direction of their

applicability. Using the backward BC, and given that this should hold for each domain D,

it follows that the forward BC must hold at each boundary location β.

We will now proceed as we did for A. By virtue of the fundamental theorem of calculus,

and by the STCs satisfied by both B and R, we can write down two identities:

FR R(y, t|x, s) = B(y, t|x, s) +

∫ t

s
dτ

(
− ∂

∂τ

) ∫
D(τ)

dαR(y, t|α, τ)B(α, τ |x, s),

LR R(y, t|x, s) = B(y, t|x, s) +

∫ t

s
dτ

(
∂

∂τ

) ∫
D(τ)

dαB(y, t|α, τ)R(α, τ |x, s).
(2.13)

The abbreviations FR and LR indicate the first- and last-reflection decompositions, and the

nomenclature is discussed in Part I of this thesis. It is clear in either case that both decom-

positions hold as identities, following directly from the fundamental theorem of calculus

and the STCs. The reflected density does not disappear at the boundary and therefore

we must differentiate the limits of the spatial integration over D(τ), as well as under the

integral sign. By using Reynold’s transport theorem (see e.g. [16]), applicable to piecewise

smooth domains which deform at finite (or integrable) speeds, and by using the PDEs of

(2.9) under the integral sign, we get

FR R(y, t|x, s) = B(y, t|x, s) −
∫ t

s
dτ

∮
∂D(τ)

dβ R(y, t|β, τ)
{
nβ · β̇(τ)

}
B(β, τ |x, s)

+
1

2

∫ t

s
dτ

∫
D(τ)

dα R(y, t|α, τ)
{←−
∇2
α −
−→
∇2
α

}
B(α, τ |x, s),

LR R(y, t|x, s) = B(y, t|x, s) +

∫ t

s
dτ

∮
∂D(τ)

dβ B(y, t|β, τ)
{
nβ · β̇(τ)

}
R(β, τ |x, s)

−1

2

∫ t

s
dτ

∫
D(τ)

dα B(y, t|α, τ)
{←−
∇2
α −
−→
∇2
α

}
R(α, τ |x, s).

(2.14)
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As before, β̇(τ) indicates the velocity (i.e. a vector) of the boundary coordinate β, nβ

denotes the outward normal, and ∂β denotes the inward normal derivative at boundary

coordinate β. Using Green’s second identity — which is valid for domains with a finite

number of edges, corners and cusps — we obtain

FR R(y, t|x, s) = B(y, t|x, s) −
∫ t

s
dτ

∮
∂D(τ)

dβ R(y, t|β, τ)
{
nβ · β̇(τ)

}
B(β, τ |x, s)

−1

2

∫ t

s
dτ

∮
∂D(τ)

dβ R(y, t|β, τ)
{←−
∂β −

−→
∂β

}
B(β, τ |x, s),

LR R(y, t|x, s) = B(y, t|x, s) +

∫ t

s
dτ

∮
∂D(τ)

dβ B(y, t|β, τ)
{
nβ · β̇(τ)

}
R(β, τ |x, s)

+
1

2

∫ t

s
dτ

∮
∂D(τ)

dβ B(y, t|β, τ)
{←−
∂β −

−→
∂β

}
R(β, τ |x, s).

(2.15)

The operator ∂β is again the inward normal derivative. Using the BCs of (2.9) we obtain:

Proposition 2. FR & LR decomposition for RBM in D(·). The reflected Brownian

density R(y, t|x, s) in the time-dependent domain D(·), which allows both Green’s theo-

rem and Reynold’s transport theorem at each point in time, is determined by (2.9), or,

equivalently, by the following pair of integral equations:

FR R(y, t|x, s) = B(y, t|x, s) +

∫ t

s
dτ

∮
∂D(τ)

dβ R(y, t|β, τ)

{
−nβ · β̇(τ) +

1

2

−→
∂β

}
B(β, τ |x, s),

LR R(y, t|x, s) = B(y, t|x, s) +

∫ t

s
dτ

∮
∂D(τ)

dβ B(y, t|β, τ)

{
1

2

←−
∂β

}
R(β, τ |x, s).

(2.16)

This proposition is believed to be new. As in the previous subsection, we note that the

derivation relies on Part I of this thesis. In this case, the derivation mirrors Proposition 2

in Part I of this thesis, except that the domain D(·) here is time-dependent. This result is

thus more general. Finally, we note, again, that we could use this proposition to construct

a series solution for R, as in Part I of this thesis, but we shall not pursue that line of

enquiry here.
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3 Multidimensional optimal stopping (MOS)

In this section we consider the following multidimensional optimal stopping (MOS) problem:

The value is unbiased

(
1

2
∇2
x +

∂

∂s
− r
)
V (x, s) = −GC(x, s) x ∈ D(s),

Value-matching condition V (β, s) = GS(β, s) β ∈ ∂D(s),

Smooth-pasting condition ∂βV (β, s) = ∂βGS(β, s) β ∈ ∂D(s),

Value at maturity V (x, T ) = GM (x, T ) x ∈ D(T ).

(3.1)

The dynamic domain and its boundary at any particular time s are indicated by D(s) and

∂D(s), and the Laplacian in d dimensions is defined by

∇2
x :=

d∑
i=1

∂2

∂x2i
.

Also, β is a regular boundary coordinate, ∂β is the inward normal derivative at the regular

boundary coordinate β, and regular boundary coordinates are defined as those allowing a

tangent plane, such that the normal direction unambiguously exists. The optimal value

at space-time coordinate (x, s) is indicated by V (x, s), where x is a vector. The constant

discount rate is indicated by r. The intuition for each of the four equations was discussed

in the introduction on page 14. We make the following assumptions:

1. The solution to the MOS problem (3.1), given by the pair D(·) and V (x, s), exists

and is unique.

2. The solution D(·) that solves the MOS problem (3.1) allows Green’s theorem at each

point in time: at each time it only has a finite number of edges, corners and cusps.

3. The solution D(·) that solves the MOS problem (3.1) allows Reynold’s theorem: it

moves with an integrable velocity, for all regular boundary points and at all times.

And we will prove Theorem 1:

Theorem 1. Optimal solution to MOS problem. If the solution to the MOS problem

(3.1) exists and is unique, and if the optimal domain D(·) allows both Green’s theorem and

Reynold’s theorem at all times, then the optimal value V is given by:

V (x, s) = GS(x, s)

+

∫ T

s
dτ

∫
D(τ)

dα

(
GC(α, τ) + ∆GS(α, τ)

)
e−r(τ−s)B(α, τ |x, s)

+

∫
D(T )

dα

(
GM (α, T )−GS(α, T )

)
e−r(T−s)B(α, T |x, s)

(3.2)
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The optimal domain can be found by applying either value-matching or smooth-pasting to

the optimal value, at all boundary coordinates β ∈ ∂D(s), ∀s ≤ T . If GS is only piecewise

smooth, then ∆GS should be interpreted as involving distributional derivatives.

This theorem is new, to the author’s best knowledge — and it seems to be one of the

first more general results in the field of MOS, as discussed in the introduction (page 18).

Its proof consists of two parts — we need to show that:

1. Given that D(·) is optimal, then V can be written as proposed.

2. Given this V , D(·) can be determined by demanding either value-matching or smooth-

pasting for all boundary locations and times β ∈ ∂D(·).

The theorem also invites a new interpretation, namely:

Corollary 1. For x on the optimal optimal boundary, the expected value of all effective

continuation and effective maturity gains, as collected by the free Brownian path during

its time in the optimal continuation domain D(·), equals zero. And this holds true for all

boundary locations x ∈ ∂D(·), i.e.

0 = Ex

[ ∫ T

s
dτ

(
GC(Bτ , τ) + ∆GS(Bτ , τ)

)
1Bτ∈D(τ) e

−r (τ−s)

+

(
GM (BT , T )−GS(BT , T )

)
1BT∈D(T ) e

−r (T−s)

]
∀x ∈ D(s), ∀s ≤ T

(3.3)

Here, the ‘effective’ continuation and maturity gains are defined as follows:

• effective continuation gain := GC(α, τ) + ∆GS(α, τ),

• effective maturity gain := GM (α, T )−GS(α, T ).

At a location and time where the effective continuation gain is positive, one would always

continue a short time dt. We discussed in the introduction that there are three possible

routes to the proof of this theorem, namely:

starting point based on satisfies to be imposed

proof A Dirichlet value absorbed BM value-matching smooth-pasting

proof B Neumann value reflected BM smooth-pasting value-matching

proof C a smart guess free BM neither both

The next three subsections will each present a proof. For readers uninterested in the

relationship between the Dirichlet and Neumann problems on the one hand, and free-

boundary problems on the other, we suggest that they jump straight to proof C. Although

proof C may appear rather ad-hoc (it starts off with a somewhat arbitrary identity), and

although it does not provide the insight that the first two proofs provide, it requires no

knowledge of either absorbed or reflected Brownian motion.
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3.1 Proof A: The Dirichlet route

For some arbitrary continuation domain D(·), the Dirichlet value is defined by

V D(x, s) := Ex
[
1τFP<T GS(BτFP , τFP) e−r(τFP−s)

]
+ Ex

[ ∫ T

s
dτ 1τ<τFP GC(Bτ , τ) e−r(τ−s)

]
+ Ex

[
1τFP=T GM (BT , T ) e−r(T−s)

]
.

(3.4)

The first-passage time τFP is defined as the first passage over the (not necessarily optimal)

domain D(·), or T , whichever occurs first, i.e.

τFP := min

{
first-passage time over ∂D(·), T

}
. (3.5)

The expectation in the Dirichlet value is conditional on the starting coordinate x, indicated

by the subscript. The superscript of V D refers to the Dirichlet value — not to be confused

with the domain D(·).
The intuition for the Dirichlet value is as follows: the stopping gain GS is collected at

the first-passage time τFP if and only if τFP < T . The continuation gain GC is collected until

the first-passage time τFP. Lastly, the maturity gain GM is collected at the first-passage

time τFP if and only if τFP = T .

This is called the Dirichlet value because it satisfies the value-matching condition, as

will be shown in Proposition 3 below. Its usefulness derives from the fact that we can

define the Dirichlet value for any boundary, and not just the optimal one — as long as we

suppose that the boundary has some regularity: singular boundary points are allowed as

long as there are a finite number of them, and infinite boundary speeds are allowed as long

as they are integrable.

In Section 2 we introduced the absorbed transition density A(y, t|x, s) of a Brownian

motion. In terms of the absorbed transition density, we can write the boundary represen-

tation of the Dirichlet value as follows:

V D(x, s)=

∫ T

s
dτ

∫
∂D(τ)

dβ GS(β, τ) 1
2

−→
∂βA(β, τ |x, s) e−r(τ−s)

+

∫ T

s
dτ

∫
D(τ)

dα GC(α, τ) A(α, τ |x, s) e−r(τ−s)

+

∫
D(T )

dα GM (α, T ) A(α, T |x, s) e−r(T−s).

(3.6)

The name ‘boundary representation’ follows from the fact that the stopping gain GS is

integrated over the boundary ∂D(·). In the expression above, the stopping gain GS is
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multiplied with the probability of a first passage at that location, i.e. ∂A, then discounted,

and then integrated over all future boundary locations β and times τ .

Instead of this boundary representation of the Dirichlet value, we can also provide the

following interior representation:

V D(x, s) = GS(x, s)

+

∫ T

s
dτ

∫
D(τ)

dα

(
GC(α, τ) + ∆GS(α, τ)

)
A(α, τ |x, s) e−r(τ−s)

+

∫
D(T )

dα

(
GM (α, T )−GS(α, T )

)
A(α, T |x, s) e−r(T−s).

(3.7)

The nomenclature stems from the fact that all integrations are now over the interior of

D(·). This interior representation of the Dirichlet value has one technical and one intuitive

advantage:

1. Technical advantage: the limit x → ∂D(s) commutes with the volume integrals

of the interior representation, but not with the boundary integral of the boundary

representation.

2. Intuitive advantage: the interior representation decomposes the Dirichlet value into

an ‘immediate-stopping gain’ GS (the first term) and an ‘option value’ (second and

third term), that invites us to define the ‘effective continuation gain’ and ‘effective

maturity gain’ — as mentioned before.

To show that the interior representation follows from the boundary representation, we

rewrite the boundary term in (3.7) as follows:∫ T

s
dτ

∫
∂D(τ)

dβ GS(β, τ)
1

2

−→
∂βA(β, τ |x, s) e−r(τ−s)

= −1

2

∫ T

s
dτ

∮
∂D(τ)

dβ GS(β, τ)
{←−
∂β −

−→
∂β

}
A(β, τ |x, s) e−r(τ−s).

This follows from the fact that the absorbed propagator A disappears on the boundary.

Then, using Green’s identity, which is valid for piecewise smooth domains, and by the PDE

satisfied by A, we get

=
1

2

∫ T

s
dτ

∫
D(τ)

dα GS(α, τ)
{←−
∇2
α −
−→
∇2
α

}
A(α, τ |x, s) e−r(τ−s),

=

∫ T

s
dτ

∫
D(τ)

dα GS(α, τ)

{
1

2

←−
∇2
α − r −

∂

∂τ

}(
A(α, τ |x, s) e−r(τ−s)

)
.
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With a partial integration (in time) and using the definition for the differential operator

∆ := 1
2∇

2
α + ∂

∂τ − r, we get

=

∫ T

s
dτ

∫
D(τ)

dα ∆GS(α, τ)A(α, τ |x, s) e−r(τ−s)

−
∫ T

s
dτ

∂

∂τ

∫
D(τ)

dα GS(α, τ)A(α, τ |x, s) e−r(τ−s).

Using the fundamental theorem of calculus, we get

=

∫ T

s
dτ

∫
D(τ)

dα ∆GS(α, τ)A(α, τ |x, s) e−r(τ−s)

−
(

lim
τ↗T
− lim
τ↘s

) ∫
D(τ)

dα GS(α, τ)A(α, τ |x, s) e−r(τ−s).

By the STC satisfied by A, we get

=

∫ T

s
dτ

∫
D

dα ∆GS(α, τ)A(α, τ |x, s) e−r(τ−s)

+GS(x, s)−
∫
D(T )

dα GS(α, T )A(α, T |x, s) e−r(T−s).

Plugging this expression back into the boundary representation (3.7) gives the interior

representation for the Dirichlet value. Using the interior representation of the Dirichlet

value, we derive the following proposition:

Proposition 3. The Dirichlet value. The Dirichlet value for the arbitrary domain D(·)
is defined by:

V D(x, s) = GS(x, s)

+

∫ T

s
dτ

∫
D(τ)

dα

(
GC(α, τ) + ∆GS(α, τ)

)
A(α, τ |x, s) e−r(τ−s)

+

∫
D(T )

dα

(
GM (α, T )−GS(α, T )

)
A(α, T |x, s) e−r(T−s)

and satisfies three of the four conditions of optimality in (3.1), namely:

The value is unbiased

(
∂

∂s
+

1

2
∇2
x − r

)
V D(x, s) = −GC(x, s) x ∈ D(s),

Value-matching V D(β, s) = GS(β, s) β ∈ ∂D(s),

Value at maturity V D(x, T ) = GM (x, T ) x ∈ D(T ).
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Proof. The proof of the partial differential equation follows by using the PDE in (2.3)

and by differentiation the integration limit s, of the second term, and taking into account

the STC of (2.3). The boundary condition follows immediately from the fact that the

limit x → D(s) commutes with the integration and that A is zero for x on the boundary.

The maturity condition follows from the fact that the second term disappears in the limit

s→ T , and A in the third term involves a Dirac δ-function by the STC in (2.3).

What Proposition 3 says, in other words, is that the value V D that is defined as a sum

of all the expected gains until some stopping time over an arbitrary domain D satisfies

three out of the four conditions for optimality of V . This should not be overly surprising:

of course an expectation should be unbiased, of course it should only pick up GS as the

starting point x moves to the boundary, and of course it should only pick up GM as the

time goes to the maturity T . The only condition that is not satisfied automatically is the

‘smooth-pasting’ condition. If we impose this last condition on the as yet arbitrary domain

D(·), we obtain a condition on the optimal domain D(·) that should specify it uniquely.

Smooth-pasting requires that

Smooth-pasting ∂βV (β, s) = ∂βGS(β, s) β ∈ D(s), ∀s < T.

From the interior representation, we see that we must have

0 =

∫ T

s

dτ

∫
D(τ)

dα

(
GC(α, τ) + ∆GS(α, τ)

)
A(α, τ |β, s)

←−
∂β e

−r(τ−s)

+

∫
D(T )

dα

(
GM (α, T )−GS(α, T )

)
A(α, T |β, s)

←−
∂β e

−r(T−s)
∀β ∈ D(s), ∀s < T.

(3.8)

The optimality conditions thus demands that the normal derivative of the ‘option value’,

as one approaches the stopping boundary, goes to zero. As a result, the derivative of the

total value (i.e. immediate stopping gain plus ‘option value’) equals the derivative of the

immediate stopping gain, as requested. We will now use this optimality condition in the

interior representation of the Dirichlet value. First, recall that we have found in Proposition

1 that

FP A(y, t|x, s) = B(y, t|x, s)−
∫ t

s
dτ

∮
∂D(τ)

dβ B(y, t|β, τ)

{
1

2

−→
∂β

}
A(β, τ |x, s),

LP A(y, t|x, s) = B(y, t|x, s)−
∫ t

s
dτ

∮
∂D(τ)

dβ A(y, t|β, τ)

{
1

2

←−
∂β

}
B(β, τ |x, s).

Next, substitute the last-passage (LP) decomposition of A into the Dirichlet value V D to
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obtain:

V D(x, s) = GS(x, s)

+

∫ T

s

dτ

∫
D(τ)

dα

(
GC(α, τ) + ∆GS(α, τ)

)
e−r(τ−s)B(α, τ |x, s)

−
∫ T

s

dτ

∫
D(τ)

dα

(
GC(α, τ) + ∆GS(α, τ)

)
e−r(τ−s)

∫ τ

s

dθ

∮
∂D(θ)

dγ A(α, τ |γ, θ)
{

1

2

←−
∂γ

}
B(γ, θ|x, s)

+

∫
D(T )

dα

(
GM (α, T )−GS(α, T )

)
e−r(T−s)B(α, T |x, s)

−
∫
D(T )

dα

(
GM (α, T )−GS(α, T )

)
e−r(T−s)

∫ T

s

dθ

∮
∂D(θ)

dγ A(α, T |γ, θ)
{

1

2

←−
∂γ

}
B(γ, θ|x, s)

This looks unwieldy, but, in fact, it will allow a great simplification. First we note that

any time-ordered integration can be written in one of two ways, i.e.∫ ∫
s≤θ≤τ≤T

dτ dθ =

∫ T

s
dτ

∫ τ

s
dθ =

∫ T

s
dθ

∫ T

τ
dτ.

We use this to rewrite the third term

−
∫ T

s

dθ

∮
∂D(θ)

dγ

[∫ T

θ

dτ

∫
D(τ)

dα

(
GC(α, τ) + ∆GS(α, τ)

)
e−r(τ−θ)A(α, τ |γ, θ)

{
1

2

←−
∂γ

}]
e−r(θ−s)B(γ, θ|x, s),

as well as the fifth term

−
∫ T

s

dθ

∮
∂D(θ)

dγ

[ ∫
D(T )

dα

(
GM (α, T )−GS(α, T )

)
e−r(T−θ)A(α, T |γ, θ)

{
1

2

←−
∂γ

}]
e−r(θ−s)B(γ, θ|x, s).

Now we notice that the optimality condition (3.8) demands that the sum of these two terms

equals zero! (Pay attention to the terms in square brackets.) Therefore we must have that

the optimal value V equals the Dirichlet value with the absorbed density A replaced by

the free density B:

V (x, s) = GS(x, s)

+

∫ T

s
dτ

∫
D(τ)

dα

(
GC(α, τ) + ∆GS(α, τ)

)
e−r(τ−s)B(α, τ |x, s)

+

∫
D(T )

dα

(
GM (α, T )−GS(α, T )

)
e−r(T−s)B(α, T |x, s).

(3.9)

We see that for the optimal value V , the absorbed density A (which is a complicated

quantity in itself) is miraculously replaced by the free density B (which we know). It is

thus easier to calculate the value corresponding to the optimal domain, when the optimal
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domain is given, than it is to calculate the Dirichlet value corresponding to any other

domain. It may seem remarkable that for the optimal domain D(·), we have

V (x, s) = V D(x, s) only when D(·) is optimal

even though absorbed propagator A is everywhere smaller than the free propagator B.

It would appear that the expectation over all effective gains by the free and absorbed

Brownian motions must be different — because the free and absorbed Brownian motions

only coincide before the first passage, and not thereafter. But this is where we forget that

from any optimal boundary location, the expectation over all future effective gains equals

zero. Therefore, as far as the expectation is concerned, it makes no difference whether the

Brownian motion is stopped upon the first-passage or left to proceed as a free Brownian

motion. The only way, therefore, that the absorbed and free expectation over the future

domain can be equal, is when the domain is optimal — such that from every boundary

location, the expectation over all future effective gains equals zero.

We have now shown that we can write the optimal value as a function of the free

propagator B, if the optimal domain D(·) is known. But of course D(·) is not known yet;

we will discuss how to find it in subsection 3.4.

3.2 Proof B: The Neumann route

For some arbitrary continuation domain D(·), allowing Green’s theorem and Reynold’s

theorem, the Neumann value is defined by

V N (x, s) := −Ex
[ ∫ T

s
dτ GS(β, τ)

1

2

←−
∂β 1Rτ∈β e

−r(τ−s)
]

+ Ex
[ ∫ T

s
dτ GC(Rτ , τ) e−r(τ−s)

]
+ Ex

[
GM (RT , T ) e−r(T−s)

]
.

(3.10)

Here Rτ represents a reflected Brownian motion, and β is a boundary element, i.e. β ∈
∂D(·). The expectation in the Neumann value is conditional on the starting coordinates

x, indicated by the subscript. The superscript of V N refers to the Neumann value.

The intuition for the Neumann value is as follows: the value −1/2∂GS is collected

during the time that the reflected Brownian motion spends at the boundary of the domain.

(The minus sign, the factor of 1/2 and the ∂ operator in front ofGS are because of symmetry

reasons which will become clear.) The continuation gain GC is collected by the Brownian

motion during its entire time in the interior of D(·). Lastly, the maturity gain GM is

collected at the maturity time T . Notice that the maturity gain will always be obtained by

a reflected Brownian motion, since a reflected Brownian motion always reaches maturity

(it is not absorbed, for example).
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The reason for the name ‘Neumann value’ is that it satisfies the smooth-pasting con-

dition, as we will shown in Proposition 4. Its usefulness derives from the fact that we can

define the Neumann value for any boundary, and not just for the optimal one — as long as

we suppose that the boundary has some regularity: singular boundary points are allowed

as long as there are a finite number of them, and infinite boundary speeds are allowed as

long as they are integrable.

In Section 2 we introduced the reflected transition density R(y, t|x, s) of a Brown-

ian motion. In terms of the reflected transition density, we find the following boundary

representation of the Neumann value:

V N (x, s)=−
∫ T

s
dτ

∫
∂D(τ)

dβ GS(β, τ) 1
2

←−
∂β R(β, τ |x, s) e−r(τ−s)

+

∫ T

s
dτ

∫
D(τ)

dα GC(α, τ) R(α, τ |x, s) e−r(τ−s)

+

∫
D(T )

dα GM (α, T ) R(α, T |x, s) e−r(T−s).

(3.11)

The name ‘boundary representation’ follows from the fact that the stopping gain is inte-

grated over the time spent at the boundary ∂D(·): i.e. the stopping gain is multiplied with

the probability R of being at the boundary, discounted, and then integrated over all future

boundary locations β at times τ . Under our usual assumptions, we can also provide the

following interior representation of the Neumann value:

V N (x, s) = GS(x, s)

+

∫ T

s
dτ

∫
D(τ)

dα

(
GC(α, τ) + ∆GS(α, τ)

)
R(α, τ |x, s) e−r(τ−s)

+

∫
D(T )

dα

(
GM (α, T )−GS(α, T )

)
R(α, T |x, s) e−r(T−s).

(3.12)

The nomenclature stems from the fact that all integrations are now over the interior of

D(·). This interior representation of the Neumann value has one technical and one intuitive

advantage:

1. Technical advantage: the limit lim
x→β

nβ · ∇x, where β ∈ ∂D(·), commutes with the

volume integrals of the interior representation, but not with the boundary integral of

the boundary representation.

2. Intuitive advantage: the interior representation decomposes the Neumann value into

an ‘immediate-stopping gain’ GS (the first term) and an ‘option value’ (second and
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third term), that invite us to define the ‘effective continuation gain’ and ‘effective

maturity gain’ — as mentioned before.

To show that the interior representation follows from the boundary representation, we

consider the term in (3.12) with the boundary integral. We realise that we may add two

terms that disappear by the BC on R, i.e.

−
∫ T

s
dτ

∫
∂D(τ)

dβ GS(β, τ)
1

2

←−
∂βR(β, τ |x, s) e−r(τ−s)

= −1

2

∫ T

s
dτ

∮
∂D(τ)

dβ GS(β, τ)
{←−
∂β −

−→
∂β + 2nβ · β̇(τ)

}
R(β, τ |x, s) e−r(τ−s).

We go through the same steps that we used to write the interior respresentation of the

Dirichlet value, as in subsection 3.1: i.e. use Green’s theorem, use the PDEs to obtain a

differentiation with respect to τ on Re−r(τ−s), perform a partial integration in τ to obtain

∆ working on GS , use Reynold’s theorem to place ∂/∂τ outside the integration over D(τ),

notice that this disposes of the term with β̇, and, finally, use the STCs. Going through

these steps carefully, the result appears as follows:

= GS(x, s) +

∫ T

s

dτ

∫
D

dα ∆GS(α, τ)R(α, τ |x, s) e−r(τ−s) −
∫
D(T )

dα GS(α, T )R(α, T |x, s) e−r(T−s).

By plugging this expression back into the boundary representation (3.12), we obtain the

promised interior representation. Using this interior representation, we can easily show:

Proposition 4. The Neumann value. The Neumann value for an arbitrary domain

D(·) is defined by:

V N (x, s) = GS(x, s)

+

∫ T

s
dτ

∫
D(τ)

dα

(
GC(α, τ) + ∆GS(α, τ)

)
R(α, τ |x, s) e−r(τ−s)

+

∫
D(T )

dα

(
GM (α, T )−GS(α, T )

)
R(α, T |x, s) e−r(T−s)

and satisfies three out of the four conditions of optimality in (3.1), namely:

The value is unbiased

(
∂

∂s
+

1

2
∇2
y − r

)
V N (x, s) = −GC(x, s) x ∈ D(s),

Smooth-pasting ∂βV
N (β, s) = ∂βGS(β, s) β ∈ ∂D(s),

Value at maturity V N (x, T ) = GM (x, T ) x ∈ D(T ).
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Proof. The proof follows in the same way as the proof of Proposition 3, and by noting

that the operator lim
x→β

nβ · ∇x commutes with the integration over the interior such that

smooth-pasting immediately follows.

Value-matching, however, is not satisfied. Note that value-matching is satisfied if we

have, in addition, that

0 =

∫ T

s
dτ

∫
D(τ)

dα

(
GC(α, τ) + ∆GS(α, τ)

)
e−r(τ−s)R(α, τ |β, s)

+

∫
D(T )

dα

(
GM (α, T )−GS(α, T )

)
e−r(T−s)R(α, T |β, s)

∀β ∈ D(s), ∀s < T.

(3.13)

We will use this optimality condition in the Neumann value shortly. But first we recall

that we found in Proposition 2 that

FR R(y, t|x, s) = B(y, t|x, s) +

∫ t

s

dτ

∮
∂D(τ)

dβ R(y, t|β, τ)

{
−nβ · β̇(τ) +

1

2

−→
∂β

}
B(β, τ |x, s)

LR R(y, t|x, s) = B(y, t|x, s) +

∫ t

s

dτ

∮
∂D(τ)

dβ B(y, t|β, τ)

{
1

2

←−
∂β

}
R(β, τ |x, s)

Now substitute the first-reflection decomposition (i.e. FR) into the Neumann value V N to

obtain

V N (x, s) = GS(x, s)

+

∫ T

s

dτ

∫
D(τ)

dα

(
GC(α, τ) + ∆GS(α, τ)

)
e−r(τ−s)B(α, τ |x, s)

+

∫ T

s

dτ

∫
D(τ)

dα

(
GC(α, τ) + ∆GS(α, τ)

)
e−r(τ−s)

∫ τ

s

dθ

∮
∂D(θ)

dγ R(α, τ |γ, θ)
{
−nγ · γ̇(θ) +

1

2

−→
∂γ

}
B(γ, θ|x, s)

+

∫
D(T )

dα

(
GM (α, T )−GS(α, T )

)
e−r(T−s)B(α, T |x, s)

+

∫
D(T )

dα

(
GM (α, T )−GS(α, T )

)
e−r(T−s)

∫ τ

s

dθ

∮
∂D(θ)

dγ R(α, T |γ, θ)
{
−nγ · γ̇(θ) +

1

2

−→
∂γ

}
B(γ, θ|x, s).

(3.14)

Using the optimality condition (3.13) we can show that the third and fifth term add to

zero if the optimality condition is satisfied. Therefore, we find once more that the optimal

value must satisfy that:

V (x, s) = GS(x, s)

+

∫ T

s
dτ

∫
D(τ)

dα

(
GC(α, τ) + ∆GS(α, τ)

)
e−r(τ−s)B(α, τ |x, s)

+

∫
D(T )

dα

(
GM (α, T )−GS(α, T )

)
e−r(T−s)B(α, T |x, s).

(3.15)
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For the optimal value V , the reflected density R (which is a complicated quantity in itself)

in the Neumann value is replaced by the free density B (which we know). It is thus easier

to calculate the value corresponding to the optimal domain, when the optimal domain is

given, than it is to calculate the Neumann value corresponding to any other domain. Again

it may appear as quite remarkable that for the optimal domain D(·), we have

V (x, s) = V N (x, s) only when D(·) is optimal

because, when the domain is convex and shrinking, for example, the absorbed propagator R

is everywhere larger than the free propagator B. Thus it would appear that the expectation

over all effective gains as collected by the free and reflected Brownian motions must be

different — because the free and reflected Brownian motions only coincide before the first

reflection, and not thereafter. But, on expectation, the contribution after the first reflection

equals zero! The only way, therefore, that the reflected and free expectation over the future

domain can be equal is when the domain is optimal.

We have found the optimal value in two ways: either by imposing smooth-pasting on

the Dirichlet value or by imposing value-matching on the Neumann value. We have seen

that the Dirichlet value automatically satisfies three out of the four conditions of optimality,

including value-matching. The Neumann value also automatically satisfies three out of the

four conditions of optimality, including smooth-pasting. The optimal value must satisfy all

four conditions, and therefore there must be exactly one domain for which the Dirichlet

and Neumann values coincide, and thus allowing all four conditions to be satisfied. The

optimality condition can thus be reinterpreted as follows:

V (x, s) = V D(x, s) = V N (x, s) if and only if D(·) is optimal. (3.16)

We have now shown that we can write the optimal value as a function of the free propagator

B, if the optimal domain D(·) is known. But of course D(·) is not known yet; we will discuss

how to find it in subsection 3.4.

3.3 Proof C: A smart guess

Compared to the above, proof C may appear rather ad-hoc. It will start off with a somewhat

arbitrary identity, and will then use all the conditions that are supposed to specify the

optimal value V , and — seemingly out of the blue — arrives at the correct result. Although

it does not provide the insight that the first two proofs provide, it requires no knowledge

of either absorbed or reflected Brownian motion. We start the above-mentioned ad-hoc
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identity, i.e. consider that the following holds by definition:

V (x, s) = −
∫ T

s
dτ

(
∂

∂τ

) ∫
D(τ)

dα V (α, τ)B(α, τ |x, s) e−r(τ−s)

+

∫
D(T )

dα GM (α, T )B(α, T |x, s) e−r(T−s).
(3.17)

The reason that this holds by definition is that we get, by the fundamental theorem of

calculus, that

V (x, s) =

(
lim
τ↘s
− lim
τ↗T

) ∫
D(τ)

dα V (α, τ)B(α, τ |x, s) e−r(τ−s)

+

∫
D(T )

dα GM (α, T )B(α, T |x, s) e−r(T−s)
(3.18)

and using the STC satisfied by B and V (α, T ) = GM (α, T ) the above is an identity.

Returing to our identity, we perform the differentiation and by virtue of Reynold’s transport

theorem and the PDEs satisfied by V and B, we obtain

V (x, s) = −
∫ T

s
dτ

∮
∂D(τ)

dβ V (β, τ)
{
β̇(τ) · nβ

}
B(β, τ |x, s) e−r(τ−s)

+
1

2

∫ T

s
dτ

∫
D(τ)

dα V (α, τ)
{←−
∇2
α −
−→
∇2
α

}
B(α, τ |x, s) e−r(τ−s)

+

∫ T

s
dτ

∫
D(τ)

dα GC(α, τ)B(α, τ |x, s) e−r(τ−s)

+

∫
D(T )

dα GM (α, T )B(α, T |x, s) e−r(T−s).

(3.19)

Using Green’s identity for the second term, we get that

V (x, s) = −
∫ T

s
dτ

∮
D(τ)

dβ V (β, τ)
{
β̇(τ) · nβ

}
B(β, τ |x, s) e−r(τ−s)

−1

2

∫ T

s
dτ

∮
∂D(τ)

dβ V (β, τ)
{←−
∂β −

−→
∂β

}
B(β, τ |x, s) e−r(τ−s)

+

∫ T

s
dτ

∫
D(τ)

dα GC(α, τ)B(α, τ |x, s) e−r(τ−s)

+

∫
D(T )

dα GM (α, T )B(α, T |x, s) e−r(T−s).

(3.20)
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Now using both value-matching and smooth-pasting in the first and second terms, we get

V (x, s) = −
∫ T

s
dτ

∮
∂D(τ)

dβ GS(β, τ)
{
β̇(τ) · nβ

}
B(β, τ |x, s) e−r(τ−s)

−1

2

∫ T

s
dτ

∮
∂D(τ)

dβ GS(β, τ)
{←−
∂β −

−→
∂β

}
B(β, τ |x, s) e−r(τ−s)

+

∫ T

s
dτ

∫
D(τ)

dα GC(α, τ)B(α, τ |x, s) e−r(τ−s)

+

∫
D(T )

dα GM (α, T )B(α, T |x, s) e−r(T−s).

(3.21)

We use Green’s identity again, in the second term, to re-obtain an integration over the

interior:

V (x, s) = −
∫ T

s
dτ

∮
∂D(τ)

dβ GS(β, τ)
{
β̇(τ) · nβ

}
B(β, τ |x, s) e−r(τ−s)

+
1

2

∫ T

s
dτ

∫
D(τ)

dα GS(α, τ)
{←−
∇2
α −
−→
∇2
α

}
B(α, τ |x, s) e−r(τ−s)

+

∫ T

s
dτ

∫
D(τ)

dα GC(α, τ)B(α, τ |x, s) e−r(τ−s)

+

∫
D(T )

dα GM (α, T )B(α, T |x, s) e−r(T−s).

(3.22)

With the PDE satisfied by B, we get that

V (x, s) = −
∫ T

s
dτ

∮
∂D(τ)

dβ GS(β, τ)
{
β̇(τ) · nβ

}
B(β, τ |x, s) e−r(τ−s)

+

∫ T

s
dτ

∫
D(τ)

dα GS(α, τ)

{
1

2

←−
∇2
α − r −

∂

∂τ

}(
B(α, τ |x, s) e−r(τ−s)

)
+

∫ T

s
dτ

∫
D(τ)

dα GC(α, τ)B(α, τ |x, s) e−r(τ−s)

+

∫
D(T )

dα GM (α, T )B(α, T |x, s) e−r(T−s).

(3.23)
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With a partial integration in the second term, we get

V (x, s) = −
∫ T

s
dτ

∮
∂D(τ)

dβ GS(β, τ)
{
β̇(τ) · nβ

}
B(β, τ |x, s) e−r(τ−s)

+

∫ T

s
dτ

∫
D(τ)

dα ∆GS(α, τ)B(α, τ |x, s) e−r(τ−s)

−
∫ T

s
dτ

∫
D(τ)

dα
∂

∂τ

(
GS(α, τ)B(α, τ |x, s) e−r(τ−s)

)
+

∫ T

s
dτ

∫
D(τ)

dα GC(α, τ)B(α, τ |x, s) e−r(τ−s)

+

∫
D(T )

dα GM (α, T )B(α, T |x, s) e−r(T−s).

(3.24)

Using Reynold’s theorem, we get

V (x, s) = +

∫ T

s
dτ

∫
D(τ)

dα ∆GS(α, τ)B(α, τ |x, s) e−r(τ−s)

−
∫ T

s
dτ

(
∂

∂τ

) ∫
D(τ)

dα GS(α, τ)B(α, τ |x, s) e−r(τ−s)

+

∫ T

s
dτ

∫
D(τ)

dα GC(α, τ)B(α, τ |x, s) e−r(τ−s)

+

∫
D(T )

dα GM (α, T )B(α, T |x, s) e−r(T−s),

(3.25)

where the first term has conveniently cancelled. With the STC satisfied by B, we obtain

— once more — that the optimal value must satisfy that:

V (x, s) = GS(x, s)

+

∫ T

s
dτ

∫
D(τ)

dα

(
GC(α, τ) + ∆GS(α, τ)

)
e−r(τ−s)B(α, τ |x, s)

+

∫
D(T )

dα

(
GM (α, T )−GS(α, T )

)
e−r(T−s)B(α, T |x, s).

(3.26)

In this derivation we used 1) the PDE on B, 2) the STC on B, 3) the PDE satisfied by

the optimal value V , 4) the maturity condition on V , 5) both boundary conditions on

the optimal value V , and 6) Green’s second identity on the continuation domain at each

time, requiring a piecewise smooth boundary, and 7) Reynold’s transport theorem on the

domain, requiring a finite velocity (or integrability) of all regular boundary points. We

may therefore expect that the last expression should determine the optimal continuation
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domain uniquely: all conditions that are supposed to specify the optimal value have been

used, and only those relatively mild assumptions on the smoothness of the domain have

been used that are specified by Green’s identity and Reynold’s theorem.

3.4 The integral equation for the boundary

We have shown that the optimal value can be written as a function of the free density B —

if and only if the continuation domain is optimal. In other words, the fact that the optimal

value can be written as a function of B is a necessary condition, or can be seen as resulting

from optimality, but it is not a sufficient condition. This can easily be shown: for any given

domain, one could calculate the supposedly ‘optimal value’ using B, as if the domain was

optimal when in fact it is not. For any such domain, the PDE and condition at maturity of

(3.1) would hold, but neither value-matching nor smooth-pasting would be satisfied. If we

want to find the optimal domain, therefore, we must impose value-matching and smooth-

pasting on the expression for the optimal value. But which one should we impose first? It

turns out that this is irrelevant; we only need to impose one of them, and either will do.

To show why this is the case, let us extend the range of x from D(s) to all of Rd, i.e. we

define

V (x, s) := GS(x, s)

+

∫ T

s
dτ

∫
D(τ)

dα

(
GC(α, τ) + ∆GS(α, τ)

)
e−r(τ−s)B(α, τ |x, s)

+

∫
D(T )

dα

(
GM (α, T )−GS(α, T )

)
e−r(T−s)B(α, T |x, s)

∀x ∈ Rd,

(3.27)

where x is now allowed in all of Rd, i.e. also outside the continuation domain D(·). As can

easily be seen, we automatically have that:

• The value of V , defined as above, is everywhere continuous for x in Rd — and in

particular the value of V is continuous across ∂D(s) for all s < T , for any domain.

• The gradient of V , defined as above, is everywhere continuous for x in Rd — and in

particular the gradient (and thus also the normal derivative!) is continuous across

∂D(s) for all s < T , for any domain.

• Far away from the continuation region D(·), we get that B decays exponentially, and

thus we automatically get V = GS for x far into the stopping region.

Furthermore,

• The value of V defined as above automatically satisfies ∆V = −GC inside of D(s),

for any domain.
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• The value of V defined as above automatically satisfies ∆V = ∆GS outside of D(s),

for any domain.

• The second derivative with respect to x is not continuous across the boundary ∂D(s),

but the second derivative is not required to be continuous, and so this shall not bother

us.

Because the value far into the stopping region is fixed, and because a given second

order differential equation is satisfied outside of D(·) as well as inside of D(·), it suffices to

impose either the value at ∂D(·) or the normal derivative at ∂D(·). We choose to impose

that the value option value is zero for all space-time coordinates (x, s) on ∂D. As a result,

the equation that should define the optimal continuation domain uniquely is as follows:

0 =

∫ T

s
dτ

∫
D(τ)

dα

(
GC(α, τ) + ∆GS(α, τ)

)
e−r(τ−s)B(α, τ |β, s)

+

∫
D(T )

dα

(
GM (α, T )−GS(α, T )

)
e−r(T−s)B(α, T |β, s).

∀β ∈ ∂D(s), ∀s ≤ T.

(3.28)

In other words: the expected value of the sum of all effective gains as collected in the

continuation region by a free Brownian motion must be zero, from each and every boundary

location and time.

The authors of [35] and [6] have obtained this equation in d = 1, with GC = 0 and

GM = GS . For higher dimensional problems this result is new, to the author’s best

knowledge. It follows that the optimality of any single boundary location is dependent on

all future boundary locations, and therefore the entirety of all dynamic boundary locations

must be determined at once. In general, we cannot determine any boundary location

without knowing all others.

Focusing on the 2-dimensional case specifically, and on the case when the domain is

known to be radial, we investigate the optimality condition in detail. We will see that, even

if only one function ρ(φ, t) is to be found, the task is still formidable. The optimality equa-

tion that must be satisfied by all boundary locations can be classified as a multidimensional

non-linear homogeneous Volterra integral equation of the first kind, with the distinguishing

features that:

1. The unknown function ρ(φ, t) determines the domain of the integration over D(·);
therefore it is a Volterra-type equation. Although Volterra equations normally have

the variable in the limit of the integration, rather than the unknown function as in

this case, we argue that Volterra equations are still more applicable than Fredholm

equations, which have a fixed and known domain of integration.
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2. Apart from its appearance in the domain D(·), the unknown function ρ(φ, t) also

appears under the integral sign, because the location of the boundary coordinate x

depends on ρ(φ, t). Because ρ(φ, t) appears under the integral sign but not outside

the integral, it is an equation of the first kind.

3. The unknown function ρ(φ, t) appears under the integral sign as a function of the

free Brownian density B; therefore, it is non-linear.

4. The expected value of all effective gains equals zero; therefore, it is a homogeneous

equation.

For 1-dimensional Volterra equations, where the integration extends over a variable linear

interval, many known methods exist; see e.g. [10], [11], [12] or [13]. Unfortunately, this is

not the case for multidimensional Volterra integral-equations. For existence and uniqueness

of solutions of Volterra equations, see e.g. [12] p. 25.

In the single asset case, [7] have shown that the numerical procedure based on the

integral method is competitive with the standard binomial procedure. In the multidimen-

sional case, unfortunately, no analogous result exists. Therefore, we will provide our own

(possibly very inefficient) numerical procedure in Section 4, to illustrate an example of a

max-option.
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4 Examples

4.1 The max-option

Consider possibly the simplest non-trivial MOS problem:

V1,2({x, y}, s) = max
s≤τ≤T

E{x,y}
[
e−r (τ−s) max

{
B1,τ , B2,τ , 0

}]
.

The conditioning in the subscript is on B1,s = x and B2,s = y and we set r = 1. The

stopping gain GS and the maturity gain GM are equal, since it does not matter if the

process is stopped before or at maturity. We do expect, however, that the continuation

region shrinks over time, such that no gain will ever be collected at maturity. We write GS

as follows:

GS({y, x}) = max
{
y, x, 0

}
= 1y>x 1y>0 y + 1x>y 1x>0 x

where 1 is the indicator function, which equals 1 if the condition in its subscript is satisfied

and zero otherwise. A visualisation of the stopping gain is shown in Figure 4. The indicator

function 1 is not differentiable, but by a limiting procedure we may find that (see e.g. [36]

p. 26, or [37] p. 54):
∂

∂x
1x>a = δ(x− a),

∂2

∂x2
1x>a = δ′(x− a),

where δ is the Dirac delta-function. This is what is meant by a ‘distributional derivative’

in Theorem 1. Furthermore, the theory of generalised functions suggests (again as in [37]

p. 54) that

(x− a) δ(x− a) = 0,

(x− a) δ′(x− a) = −δ(x− a).

Figure 4. Visualisation of stopping gain GS({x, y}) = max
{
y, x, 0

}
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Recall that ∆ = 1
2∇

2 + ∂τ − r, but where the derivative with respect to time is redundant

in this case, as GS is independent of time. Also recall that GC = 0. We obtain

∆GS({y, x}) =

(
1

2

∂2

∂x2
+

1

2

∂2

∂y2
− r
)
GS({y, x})

= δ(y − x)1x>0 +
1

2
δ(x)1x>y +

1

2
δ(y)1y>x − r max{x, y, 0}

where δ functions show up wherever GS has a kink. As a result, the optimality equation

(3.28) can be written as:

0 =

∫ T

s
dτ

∫ ∫
D(τ)

dx dy

(
δ(y − x)1x>0 +

1

2
δ(x)1x>y +

1

2
δ(y)1y>x − r max{x, y, 0}

)
× e−r(τ−s)B({x, y}, τ |β, s).

(4.1)

The coordinate β is a 2-dimensional boundary coordinate, i.e. β = {β1, β2}. Intuitively,

we see that for an optimal boundary coordinate β, the weighted expected time spent on

those lines where GS has a kink (i.e. the negative x axis, the negative y axis, and the

positive diagonal x = y) must equal the appropriately weighted time spent in the entire

continuation region.

Far away from the diagonal, i.e. when one Brownian motion is much more likely to

win than the other, we expect that the optimal policy should only depend on the level of

the leading one. In those regions, therefore, the problem is a 1-dimensional one; i.e. when

to exercise the Brownian motion that is leading. Suppose that B2,t is very negative, such

that B1,t is leading. Only the level of B1,t is relevant for the exercise policy, and thus the

boundary of the continuation domain should appear as a vertical line in the x, y-plane. In

this case, the relevant problem is

V1(x, s) = max
s≤τ≤T

Ex
[
e−r (τ−s) max

{
B1,τ , 0

}]
and this problem is discussed in for example [35], p. 13. The speed with which the

2-dimensional boundary moves, far away from the diagonal, is determined by the 1-

dimensional problem. To solve the 1-dimensional problem, we may use the same machinery

that we developed for MOS, as our approach is valid for d ≥ 1. The 1-dimensional problem

has

GS(x) = max(x, 0) = 1x>0 x.

And thus

∆GS(x) =
1

2
δ(x)− r 1x>0 x.

Therefore the optimal value, as given by Theorem 1, reads

V (x, s) = GS(x, s)

+

∫ T

s
dτ

∫
D(τ)

dα

(
1
2δ(x)− r 1x>0 x

)
e−r(τ−s)B(α, τ |x, s).
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Figure 5. Expected behaviour of the boundary, where 1) the boundary is straight when one

Brownian motion is leading the other by a long way, 2) stopping never occurs when the process is

on the diagonal, and 3) the continuation region shrinks over time. The domain is radial, where the

radius ρ is a function of the polar angle φ and time t, where ρ(φ, t) is given in (4.3), and where ρ

goes to ∞ for φ→ π/4, φ→ −π/2 and φ→ π. Whenever the lines in the plot are dense, the speed

of the boundary is low. The speed of the boundary increases as time approaches maturity and the

boundary at time t = 0.99 is seen to approach the axes and the diagonal.

To determine optimality we may apply value-matching. Value-matching implies, intuitively,

that, from an optimal boundary location, half the expected time spent where GS has a

kink is equal to the total expected time spent in the continuation region as weighted by

r GS . This must hold for every optimal boundary location. In [35] the solution is estimated

using a discrete approximation of the integral equation (i.e. a sum). We solve the integral

equation similarly, but to limit the number of data points that our numerical procedure

must remember, we estimate the boundary in the following form:

g(t) = α (1− t)1/6 + β (1− t)1/5 + γ (1− t)1/4 + δ (1− t)1/3 + ε (1− t)1/2 + ζ (1− t). (4.2)

It is known from e.g. [35] that the boundary has infinite slope at t = 1 and the parametrisa-

tion above is chosen to capture this. The parameters are estimated to be {α, β, γ, δ, ε, ζ} =

{0.20, 0.19, 0.17, 0.14, 0.08, 0.12}, where we have only indicated the first two decimal places

of actual estimates, which involve 6 decimal places. Based on this estimate of the 1-

dimensional optimal stopping curve g, we can calculate the violation of value-matching

(which is extremely small) to convince ourselves that this is indeed an accurate solution.
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Given that the solution to the 1-dimensional problem is given by g(t), we use the program

Mathematica [38] to guess the 2-dimensional boundary as follows:

Ρ@j_, t_D := g@tD
1

Sin@jD
+

1

Sin@jD - Cos@jD
If@Pi � 4 £ j £ Pi, 1, 0D +

1

Cos@jD
-

1

Sin@jD - Cos@jD
If@-Pi � 2 £ j £ Pi � 4, 1, 0D

(4.3)

The radius ρ of the 2-dimensional domain is given as a function of the angle φ and time t.

This particular guess supposes that the radius ρ is separable in time t and angle φ: it is given

by the product of a function that depends only on t, and a function that depends only on

φ. The polar angle φ runs from −π/2 (south) counter-clockwise to π (west). The diagonal

is at π/4 (north-east). The dependence on t is inspired by the 1-dimensional problem,

because we suspect that the 2-dimensional boundary is straight for φ in the directions

south or west. In those areas, the boundary should move with a speed that is dictated

by the 1-dimensional problem. The proposed dependence on the polar angle is such that

the boundary becomes a straight for either φ → −π/2 and φ → π, which is suspected by

intuition. The dependence on φ is different on either side of the diagonal (where φ = π/4):

to the right of the diagonal we guess that it looks like 1/ cos(φ) + 1/(sin(φ) + cos(φ)),

such that becomes infinite when φ points south or north-east. And similarly for φ in the

range from π/4 to π. The resulting boundary is plotted in Figure 5. Whenever the lines

are dense, the speed of the proposed boundary is relatively low. Towards maturity, the

speed of the proposed boundary increases and at maturity the speed is infinite. It is still

integrable, however, as can be seen from the definition of g in (4.2).

This initial guess is is not necessarily optimal, even though we do expect that it is

optimal for φ → −π/2 and φ → π. We will try and improve on our initial guess by the

following procedure in Mathematica:

1. We make a table of our initial guess ρ(φ, t), where φ runs from −π/2 + ε to π − ε
(where ε is small, to avoid having to deal with infinite ρ), and where t runs from 0 to

T = 1. Each point in the table represents a boundary location, where the radius is

given as a function of the angle φ and time t. We prescribe that ρ(π/4, t) = 20 g(t),

because we know that ρ should be infinite on the diagonal:

s = 0; T = 1; AnglePoints = 101; TimePoints = 5; Ε = 1 � 100;

InterpolationTable = TableBIf@j ¹ Pi � 4, Round@Ρ@j, tD, 0.001D, 20 g@tDD,

:j, -Pi � 2 + Ε, Pi - Ε,
3 � 2 Pi - 2 Ε

AnglePoints - 1
>, :t, s, T,

T - s

TimePoints - 1
>F

2. Second, we do an interpolation of order 1 in both angle and time to obtain, once

more, a function ρ that is defined for all φ and t, i.e.
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InterpolOrder = 1;

InterpolatedΡ@table_D := ListInterpolation@table,
88-Pi � 2 + Ε, Pi - Ε<, 80, T<<, InterpolationOrder ® 8InterpolOrder, InterpolOrder<D

3. Based on this ‘interpolated ρ’, we can calculate the (supposedly optimal) value V .

First we define

r = 1;

WorkingPrec = 4;

B@y_, t_, x_, s_D :=
1

2 Π Ht - sL
ã

-
Hy-xL.Hy-xL

2 Ht-sL

GS@Ρ_, j_D := Max@Ρ Sin@jD, Ρ Cos@jD, 0D
InteriorCoord@Ρ_, j_D := 8Ρ Cos@jD, Ρ Sin@jD<
SurfaceCoord@table_, j_, t_D :=

8InterpolatedΡ@tableD@j, tD Cos@jD, InterpolatedΡ@tableD@j, tD Sin@jD<

And then the value V is given by

V@table_, phi_, s_D :=

GS@InterpolatedΡ@tableD@phi, sD, phiD

+NIntegrateB
1

2
ã-r HΤ-sL B@8x, 0<, Τ, SurfaceCoord@table, phi, sD, sD,

8Τ, s, T<, 8x, -¥, 0<, WorkingPrecision ® WorkingPrecF

+NIntegrateB
1

2
ã-r HΤ-sL B@80, y<, Τ, SurfaceCoord@table, phi, sD, sD,

8Τ, s, T<, 8y, -¥, 0<, WorkingPrecision ® WorkingPrecF
+NIntegrateAã-r HΤ-sL B@8z, z<, Τ, SurfaceCoord@table, phi, sD, sD,

8Τ, s, T<, 8z, 0, ¥<, WorkingPrecision ® WorkingPrecE
+WithA8R = InterpolatedΡ@tableD<, NIntegrateA

- r GS@Ρ, jD Ρ ã-r HΤ-sL B@InteriorCoord@Ρ, jD, Τ, SurfaceCoord@table, phi, sD, sD,
8Τ, s, T<, 8j, 0, 2 Pi<, 8Ρ, 0, R@j, ΤD<, WorkingPrecision ® WorkingPrecEE

where the value V at boundary coordinate (φ, t) is equal to a sum of the immediate

stopping value (first term), an integration is over the negative x-axis (second term),

over the negative y-axis (third term), over the positive diagonal x = y (fourth term),

and over the continuation region (fifth term). The radius is involved in the space-time

boundary coordinate

({x, y}, s) = ({ρ(φ, s) cos(φ), ρ(φ, s) sin(φ)}, s)

as well the integration over the continuation region as∫ T

0
dτ

∫ π

−π/2
dφ

∫ ρ(φ,τ)

0
dρ ρ

where ρ(φ, τ) is based on an interpolation of a table, wherever it appears.
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4. The value at the boundary must satisfy value-matching, i.e. the second to fifth terms

in V are supposed to add to zero. If the value V at some grid-point is higher than the

immediate stopping gain GS , then the domain needs to grow bigger. If the value V

at some grid-point is smaller than the immediate stopping gain GS , then the domain

needs to grow smaller. This observation suggests the following procedure to update

the boundary, when value-matching is not satisfied:

Where we rely on the fact that the slope of GS is often greater than the slope of V ,

so that the new boundary location is ‘close’ to the old one. When ρ is used as the

parameter on the horizontal axis, as we do, then the slope of GS can be very small

when φ is close to −π/2 or π. To correct for this, we may add a linear curve to both

curves drawn above — and as a result the correction becomes smaller. For some φ

and t, the new ρ(φ, t) can be found as follows:

FR@j_, s_D := Module@8Ρ<, Re@
Ρ ��. FindRoot@V@InterpolationTable2, j, sD + InterpolatedΡ@InterpolationTable2D@j, sD �

GS@Ρ, jD + Ρ, 8Ρ, 1<, MaxIterations ® 5, WorkingPrecision ® 3DDD

where we have added ρ to both sides of the equation to make sure the slope of

the right-hand-side is large enough, and where we allow a maximum of 5 find-root

iterations. The new radius, for which value-matching would be satisfied if V was
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calculated based on the old one, is used as the new grid-point. We estimate a new

value of ρ(φ, τ) for all points in the table that defines ρ(φ, τ), i.e.:

InterpolationTable2 = TableBIf@j ¹ Pi � 4, FR@j, tD, 20 g@tDD,

:j, -Pi � 2 + Ε, Pi - Ε,
3 � 2 Pi - 2 Ε

AnglePoints - 1
>, :t, s, T,

T - s

TimePoints - 1
>F

5. Based on this new table, we do a new interpolation:

InterpolationTable2 = TableBIf@j ¹ Pi � 4, FR@j, tD, 20 g@tDD,

:j, -Pi � 2 + Ε, Pi - Ε,
3 � 2 Pi - 2 Ε

AnglePoints - 1
>, :t, s, T,

T - s

TimePoints - 1
>F

and continue with this procedure until the table defining ρ(φ, τ) no longer changes

up to some small positive tolerance.

This procedure is just heuristic — there is no proof that it will or should converge,

and we try it in Mathematica [38]. It might not be very accurate, but we simply show it

here as a proof of principle. After two iterations, we get

-10 -5 5 10

-10

-5

5

10

where the black equals the interpolation of our initial guess, the blue dots indicate the

first iteration and the red dots the second one. For t = .9, i.e. very near maturity, we get

with the same colour-coding:
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-10 -5 5 10

-10

-5

5

10

We see that the continuation domain shrinks over time, and in both cases we see that

subsequent iterations do not change the boundary points much, and therefore we conclude

that the boundary must be near-optimal — at least with the current working precisions

as specified. The reliance on the initial guess, however, is substantial, especially as far as

the movement of the boundary is concerned. Although for each point in time we specified

100 points on the boundary, we only specified 5 points in time. Therefore the speed of the

boundary in this solution might not be very accurate, but it does give us some idea of its

shape.

4.2 Parallel investment in two alternatives

Here we consider the problem of parallel investment in two alternatives, where the win-

ner produces revenues at maturity, which are linear in its performance at maturity. The

performance develops stochastically as follows

P1(t) = µ1 t+ σ1B1,t

P2(t) = µ2 t+ σ2B2,t

where B1,t and B2,t are independent Brownian motions, satisfying EBi,t = 0 and EB2
i,t = t,

and where the end date of each project is taken to be T = 1. The value of optimal parallel

investment in projects 1 and 2 is given by V1,2:

V1,2({x, y}, s) := max
s≤τ≤T

E(x,y)

[
e−r (τ−s) max

{
V1(B1,τ , τ), V2(B2,τ , τ)

}
−
∫ τ

s
dθ (c1+c2) e

−r(θ−s)

]
where V1 and V2 are the optimal values of projects 1 and 2, if they were continued op-

timally and in isolation, where the maximisation is over stopping time τ , and where the
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conditioning in the subscript of E is on the values of B1,s = x and B2,s = y. The optimal

values of projects 1 and 2 are given by:

V1(x, s) := max
s≤τ≤T

Ex

[
e−r (T−s) (µ1 T + σ1B1,T )1τ=T −

∫ τ

s
dθ c1 e

−r (θ−s)

]

V2(x, s) := max
s≤τ≤T

Ex

[
e−r (T−s) (µ2 T + σ2B2,T )1τ=T −

∫ τ

s
dθ c2 e

−r (θ−s)

]
where the maximisation is over all stopping times τ and where the optimal value of either

project in isolation equals an expectation of the performance at maturity, if and only if the

project is not abandoned before that time, minus an expectation of the continuation cost

ci which is to be paid at each unit of time when the project is not stopped. To summarise

the 2-dimensional problem, we have

Continuation gain −c1 − c2
Stopping gain max

{
V1(B1,τ , τ), V2(B2,τ , τ)

}
Maturity gain

We expect that the continuation region of V1,2 — corresponding to continued investment

in both projects — shrinks to zero as time goes to T , because an optimal policy would

never allow both projects to be completed. It would be better, for example, to abandon the

project that is almost certainly going to lose a small time before completion, and therefore

the maturity gain will never be obtained. In general, the optimal value reads as follows:

V (x, s) = GS(x, s)

+

∫ T

s
dτ

∫
D(τ)

dα

(
GC(α, τ) + ∆GS(α, τ)

)
e−r(τ−s)B(α, τ |x, s)

+

∫
D(T )

dα

(
GM (α, T )−GS(α, T )

)
e−r(T−s)B(α, T |x, s).

Because GM and GS at t = T are equal, we get

V (x, s) = GS(x, s)

+

∫ T

s
dτ

∫
D(τ)

dα

(
GC(α, τ) + ∆GS(α, τ)

)
e−r(τ−s)B(α, τ |x, s).

The continuation gain equals

GC({x, y}, s) = −c1 − c2

and for the stopping gain we have that

GS({x, y}, s) = max
{
V1(x, s), V2(y, s)

}
= 1V1(x,s)>V2(y,s) V1(x, s) + 1V2(x,s)>V1(y,s) V2(y, s)
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and we need to calculate ∆GS({x, y}, s), which is not very hard but a little tedious. After

a lot of bookkeeping, and using the same δ-function identities as in the previous subsection,

we get that

GC({x, y}, s) + ∆GS({x, y}, s) = −c1 1V2(x,s)>V1(y,s) − c2 1V1(x,s)>V2(y,s)

+δ
(
V1(x, s)− V2(y, s)

)(1

2

(
∂V1
∂x

)2

+
1

2

(
∂V2
∂y

)2)
.

Here we have also used that the 1-dimensional values V satisfy

∆Vi(x, s) = ci.

The optimal value reads

V (x, s) = GS(x, s)

+

∫ T

s

dτ

∫
D(τ)

dα

[
−c1 1V2(x,s)>V1(y,s) − c2 1V1(x,s)>V2(y,s)

+ δ
(
V1(x, s)− V2(y, s)

)(1

2

(
∂V1
∂x

)2

+
1

2

(
∂V2
∂y

)2)]
e−r(τ−s)B(α, τ |x, s)

and value-matching requires

0 =

∫ T

s
dτ

∫
D(τ)

dα

[
−c1 1V2(x,s)>V1(y,s) − c2 1V1(x,s)>V2(y,s)

+ δ
(
V1(x, s)− V2(y, s)

)(1

2

(
∂V1
∂x

)2

+
1

2

(
∂V2
∂y

)2)]
e−r(τ−s)B(α, τ |β, s)

for all boundary coordinates β. Interpreting this optimality equation, we find that

Corollary 2. For investment in two alternative projects with continuation costs c1 and

c2, from each optimal boundary location β, the expected time spent, by a free Brownian

motion, in the continuation region where project 1 is in the lead — as weighted by c2 —

plus the expected time spent in the continuation region where project 2 is in the lead — as

weighted by c1 — must equal the expectation of time spent on the curve V1 = V2, where

both projects are equally valuable — as weighted by 1
2

(
∂V1
∂x

)2
+ 1

2

(
∂V2
∂y

)2
.

The total ‘loss’ is given by the expected total value of all money spent on either project

while the other project is in the lead. This is something you would want to minimise in

general. The total ‘gain’ is equal to a weighted expectation of the time spent on the curve

V1 = V2, where both projects are equally valuable. If the expected time on the curve given

by V1 = V2 is high, then many switches are expected in which project is leading, and thus

the option value to wait is valuable. Theorem 1 applied to this situation shows that from

each boundary point, the expected total loss and expected total gain must equal.
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If we want to allow the situation where the performances of both projects are correlated,

then we need to solve

V1,2({x, y}, s) := max
s≤τ≤T

E(x,y)

[
e−r (τ−s) max

{
V1(W1,τ , τ), V2(W2,τ , τ)

}
−
∫ τ

s
dθ (c1+c2) e

−r(θ−s)

]

where
W1,t = B1,t

W2,t = (ρB1,t + (1− ρ2)1/2B2,t)

where B1,t and B2,t are truly independent Brownian motions, and where W1,t and W1,t

are processes of unit variance and correlation ρ, see e.g. [4], p. 171. This shows that

the treatment where the different stochastic processes are correlated is not fundamentally

different from the case where they are independent.

However, it is not clear that the optimal domain should be radial. When V1 and V2

represent identical projects, the domain is symmetric in the diagonal, i.e. x = y, and it

may well be radial. But when the two alternative projects have different variances σ2i , for

example, and if their correlation is furthermore non-zero, then it is not clear a priori if the

domain to be found will be radial. The reduction from two to one unknown functions is

therefore not guaranteed to be valid, and therefore we cannot solve this problem numerically

yet.
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5 Conclusion

In this paper we have considered the problem of alternatives, where several competing

technologies or drugs are developed over time, and where there can be only one winner.

We have viewed this problem in the wider context of multidimensional optimal stopping

(MOS) problems. We have noted that far fewer results are known than in the case of 1-

dimensional optimal stopping problems, where results are abundant — see for example the

extensive literature on the American option.

We have established the relationship between boundary value problems on the one

hand, in particular the Dirichlet and Neumann problems, and free-boundary problems on

the other. Both boundary value problems can be solved for any domain D(·), as long as it

has a finite number of singular boundary points and the boundary has an integrable speed.

In each case the solution automatically satisfies 3 out of the 4 conditions that would be

imposed on an optimal value. The Dirichlet value satisfies value-matching but not smooth-

pasting, and the Neumann value satisfies smooth-pasting but not value-matching.

The optimal stopping problem, or free-boundary problem, prescribes both the value

and derivative, and the one domain is optimal for which the Dirichlet and Neumann values

are equal. Optimality can be obtained either by imposing smooth-pasting on the Dirichlet

value, or by imposing value-matching on the Neumann value. A third proof was added,

which arrives at the correct result without referring to either absorbed or reflected Brownian

motion, with the disadvantage that it may appear rather ad-hoc.

Using the integral formulae derived in Section 2, it was shown in Section 3 that by

imposing optimality in either of the described ways, the absorbed/reflected density in the

Dirichlet/Neumann value is replaced by the free Brownian density — which is a known

quantity. The derivation assumes that the boundary has a finite number of singular points

at each time, such that Green’s theorem is allowed, as well as that boundary points have

integrable speeds, such that Reynold’s theorem is allowed. While it is not obvious, a priori,

that these conditions should be satisfied, they do not seem overly restrictive.

While the optimal value can be written as a function of the free Brownian density if

the optimal domain is known, the optimal domain is a priori unknown. We show that

the optimal domain can be found by imposing either value-matching or smooth-pasting

on the derived optimal value. The result is an integral equation, where the optimality of

any single boundary location depends on the entire future continuation domain D(·) and

thus no boundary location is independent of others. Instead, the entire boundary must be

found at once.

Specifically, we found in Corollary 1 that for x on the optimal boundary, the expected

value of all effective continuation and effective maturity gains, as collected by the free

Brownian path during its time in the optimal continuation domain D(·), equals zero. This
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holds true for all boundary locations x ∈ ∂D(·).
Theorem 1 and Corollary 1 are new, to the author’s best knowledge — and this paper

seems to provide one of the first more general results in the field of MOS. While some

specific multidimensional problems have been discussed in the literature (as mentioned on

p. 18), there appears to be a lack of more general results.

To solve the integral equation for any specific problem, the boundary needs to be

parametrised in one way or another. For a general 2-dimensional domain, a parametric

representation requires both Cartesian coordinates x and y to be specified as functions of a

certain parameter, and of time. Instead we examine a problem for which we know a priori

that the domain can be specified by providing the radius of the boundary as a function

of the polar angle φ and of time t (and we call this a radial domain). This reduces the

number of unknown functions from two to one, but finding it is still a formidable task.

The integral equation is classified, and Section 4 proposes a (possibly inefficient) method

of improving upon some initial estimate ρ(φ, t). The approach is heuristic and depends

on a good first guess. It is more a proof of principle rather than a rigorous algorithm for

solving multidimensional integral equations, and does not deal with matters of convergence

and accuracy.

Even if we cannot yet solve the problem of alternatives numerically with great accuracy,

the application of Theorem 1 does provide some new intuition. Corollary 2, for example,

states that for investment in two alternative projects with continuation costs c1 and c2,

optimality demands that from each optimal boundary point β, the expected time spent

by a free Brownian motion in the continuation region where project 1 is in the lead — as

weighted by c2 — plus the expected time spent in the continuation region where project

2 is in the lead — as weighted by c1 — is equal to the expectation of the (appropriately

weighted) time spent on the curve V1 = V2, where both projects are equally valuable.

Intuitively, this means that the total expected ‘loss’ — defined as the total amount of

money spent on projects when they are not in the lead — is allowed to be greater if many

switches are expected in which project is leading.

We conclude that the problem of alternatives — or more generally problems with 1) a

non-additive revenue structure regarding different project, 2) stochastic development of the

‘performance’ of each project and 3) significant discounting and/or finite maturity — can

be viewed in the wider context of MOS problems. The MOS literature is limited and this

paper takes a first step in developing the theory. Much remains to be explored, however, and

in particular we need a method for solving multidimensional integral equations efficiently

and accurately, which would allow our optimality equation to be used by practitioners for

real-world problems.
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[21] U. Lössner and I. Wegener, Discrete sequential search with positive switch cost, Mathematics

of Operations Research 7 (1982), no. 3 426–440. 23

[22] E. Denardo, U. Rothblum, and L. Van der Heyden, Index policies for stochastic search in a

forest with an application to R&D project management, Mathematics of Operations Research

29 (2004), no. 1 162–181. 23

[23] J. Sethuraman and J. Tsitsiklis, Stochastic search in a forest revisited, Mathematics of

Operations Research 32 (2007), no. 3 589–593. 23

[24] R. Weber, On the Gittins index for multiarmed bandits, The Annals of Applied Probability 2

(1992), no. 4 1024–1033. 23

[25] K. Glazebrook and D. Wilkinson, Index-based policies for discounted multi-armed bandits on

parallel machines, Annals of Applied Probability 10 (2000), no. 3 877–896. 23

[26] K. Glazebrook and R. Minty, A Generalized Gittins Index for a Class of Multiarmed Bandits

with General Resource Requirements, Mathematics of Operations Research 34 (2009), no. 1

26–44. 23

[27] K. Glazebrook, Stoppable families of alternative bandit processes, Journal of Applied

Probability (1979) 843–854. 23

[28] J. Gittins, Bandit processes and dynamic allocation indices, Journal of the Royal Statistical

Society. Series B (Methodological) 41 (1979), no. 2 148–177. 23

[29] I. Karatzas, On the pricing of American options, Applied mathematics and optimization 17

(1988), no. 1 37–60. 23

[30] S. Jacka, Optimal stopping and the American put, Mathematical Finance 1 (1991), no. 2

1–14. 23

[31] P. Carr, R. Jarrow, and R. Myneni, Alternative characterizations of American put options,

Mathematical Finance 2 (1992), no. 2 87–106. 23

[32] J. Dodziuk, Eigenvalues of the Laplacian and the Heat Equation, The American

Mathematical Monthly 88 (1981), no. 9 686–695. 26

[33] P. Hsu, On Excursions of Reflecting Brownian Motion, Transactions of the American

Mathematical Society 296 (1986), no. 1 239–264. 26, 28

[34] K. Burdzy, Z. Chen, and J. Sylvester, The heat equation and reflected Brownian motion in

time-dependent domains, Annals of probability 32 (2004), no. 1B 775–804. 26, 28

[35] J. Pedersen and G. Peskir, On nonlinear integral equations arising in problems of optimal

stopping, Proc. Funct. Anal. VII (Dubrovnik 2001) 46 (2002) 159–175. 47, 50, 51

– 63 –



– Part II –

[36] I. Gel’fand and G. Shilov, Generalized Functions: Properties and operations, by I. Gel’fand

and G. Shilov, translated by E. Saletan, vol. 1. Academic Press, 1964. 49

[37] W. Steeb, Hilbert spaces, wavelets, generalised functions, and modern quantum mechanics,

vol. 451. Kluwer Academic Pub, 1998. 49

[38] I. Wolfram Research, “Mathematica Edition: Version 8.0.” Wolfram Research, Inc.,

Champaign, Illinois, 2010. 52, 55

– 64 –



[This page was intentionally left blank]



[This page was intentionally left blank]


	Introduction
	The problem of alternatives
	A portfolio of two alternatives as an MOS problem
	A portfolio of multiple alternatives as an MOS problem
	Brownian motion
	Free-boundary problems
	Assumptions and main result
	Comparison with the literature

	Mathematical prerequisites
	Brownian motion
	Absorbed Brownian motion
	Reflected Brownian motion

	Multidimensional optimal stopping (MOS)
	Proof A: The Dirichlet route
	Proof B: The Neumann route
	Proof C: A smart guess
	The integral equation for the boundary

	Examples
	The max-option
	Parallel investment in two alternatives

	Conclusion

